
  
  

Some Complex Analysis as wellSome Complex Analysis as well
  

In the ten analysis, we can always encounter some functions that make us veryIn the ten analysis, we can always encounter some functions that make us very  
uncomfortable. For example:uncomfortable. For example:
(a) The (a) The DevilDevil''ss  StaircaseStaircase (or  (or CantorCantor  functionfunction) is a continuous function) is a continuous function    

 which has derivative zero "almost everywhere", yet  which has derivative zero "almost everywhere", yet  and and  HH :: [[00,, 11]] [[00,, 11]]→→ HH((00)) == 00

 . .HH((11)) == 11

(b) The (b) The WeierstraWeierstra   functionfunction𝛽𝛽

xx ↦↦ 114514114514 𝜋x𝜋x∑∑
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is continuous everywhere but differentiable nowhere.is continuous everywhere but differentiable nowhere.
(c) The function(c) The function

xx ↦↦
xx100100 xx ≥≥ 00

--xx100100 xx << 00

has the first 99 derivatives but not the 100th one.has the first 99 derivatives but not the 100th one.
(d) If a function has all derivatives (we call these (d) If a function has all derivatives (we call these smoothsmooth  functionsfunctions), then it has a), then it has a  
Taylor series. But for real functions that Taylor series might still be wrong. TheTaylor series. But for real functions that Taylor series might still be wrong. The  
functionfunction

xx ↦↦
ee-1/x-1/x xx >> 00

00 xx ≤≤ 00

has derivatives at every point. But if you expand the Taylor series at has derivatives at every point. But if you expand the Taylor series at , you get, you get  xx == 00

 , which is wrong for any  , which is wrong for any  (even  (even ).).00 ++ 0x0x++ 0x0x +…+…

22 xx >> 00 xx == 0.00010.0001
  
We restrict our attention to differentiable functions called We restrict our attention to differentiable functions called holomorphicholomorphic  functionsfunctions. It. It  
turns out that the multiplication on turns out that the multiplication on  makes all the difference. Opposite the real makes all the difference. Opposite the real  CC

functions, knowing tiny amounts of data about the function can determine all itsfunctions, knowing tiny amounts of data about the function can determine all its  
values.values.

DefinitionDefinition 11   
Let Let  be a complex function. Then for some  be a complex function. Then for some , we define the , we define the derivativederivative  ff ::UU CC→→ zz ∈∈ UU00

at at  to be to bezz00

..limlim

  

hh 00→→

ff zz ++ hh --ff zz

hh

(( 00 )) (( 00))

Note that this limit may not exist; when it does we say Note that this limit may not exist; when it does we say  is  is differentiabledifferentiable at  at ..ff zz00

  
好我们来看⼀些需要注意的地⽅。从定义上看这和我们在实分析⾥学的微分定义⼀模⼀样，好我们来看⼀些需要注意的地⽅。从定义上看这和我们在实分析⾥学的微分定义⼀模⼀样，

因此我们可以猜想这个“复”极限就是指对于每个因此我们可以猜想这个“复”极限就是指对于每个 ,有⼀个,有⼀个 使得使得𝜀𝜀 >> 00 𝛿𝛿 >> 00



00 << ||hh|| << 𝛿𝛿⟹⟹ --LL << 𝜀𝜀
ff zz ++ hh --ff zz

hh

(( 00 )) (( 00))

但是注意到这时候这个但是注意到这时候这个 邻域已经不是直线上的⼀段区间了，⽽是⼀个圆。这部分可参⻅点邻域已经不是直线上的⼀段区间了，⽽是⼀个圆。这部分可参⻅点𝛿𝛿

集拓扑。在处理实极限时，我们要让左极限和右极限同时趋于集拓扑。在处理实极限时，我们要让左极限和右极限同时趋于 ，可以理解成从直线两端，可以理解成从直线两端xx00

向中间某点趋近，但是复平⾯内不同；它要求从各个⽅向。这⾥简单画⼀个⽰意图向中间某点趋近，但是复平⾯内不同；它要求从各个⽅向。这⾥简单画⼀个⽰意图
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DefinitionDefinition 22   
If a function If a function  is complex differentiable at all the points in its domain it is is complex differentiable at all the points in its domain it is  ff ::UU CC→→

called holomorphic. In the special case of a holomorphic function with domaincalled holomorphic. In the special case of a holomorphic function with domain  
,we call the function entire.,we call the function entire.UU == CC

In all the examples below, the derivative of the function is the same as in their realIn all the examples below, the derivative of the function is the same as in their real  
analogues (e.g. the derivative of analogues (e.g. the derivative of  is  is  ). ).eezz eezz

(a) Any polynomial (a) Any polynomial  is holomorphic. is holomorphic.zz ↦↦ zz ++ cc zz ++ ⋯⋯ ++ ccnn
n-1n-1

n-1n-1
00

(b) The complex exponential exp : (b) The complex exponential exp :  can be shown to be can be shown to be  xx++ yiyi ↦↦ ee (( yy++ ii yy))xx coscos sinsin
holomorphic.holomorphic.
(c) (c)  and   and   are holomorphic when extended to the complex plane by are holomorphic when extended to the complex plane by  sinsin coscos

 and  and ..zz ==coscos
ee +e+e
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zz ==sinsin
ee -e-e
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(d) As usual, the sum, product, chain rules and so on apply, and hence sums,(d) As usual, the sum, product, chain rules and so on apply, and hence sums,  
products, nonzero quotients, and compositions of holomorphic functions are alsoproducts, nonzero quotients, and compositions of holomorphic functions are also  
holomorphic.holomorphic.


