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(See https.//www.math.ttu.edu/~klong/5311-spr09/diff.pdf )

The Frechet derivative Df of f : V — U is defined implicitly by

F[D)-

flx+k) = f(x) + (Df) k+of

To establish the relationship to the Gateaux differential, take k = eh and write

f(x+eh) = f(x)+e(Df)h+ho(e).
In the limit e — 0, we have (Df) h = dj f. Then, if d f has the form A h, then we can identify Df = A.



Let V and W be normed vector spaces, and U C V be an open subset of V. A function
f: U — Wiis called Fréchet differentiable at x € U if there exists a bounded linear
operator A : V.— W such that

Frm |f(z +h) — f(z) — Ah|lw _
|1R][—0 |B|lv

The limit here is meant in the usual sense of a limit of a function defined on a metric
space (see Functions on metric spaces), using V and W as the two metric spaces, and
the above expression as the function of argument h in V. As a consequence, it must
exist for all sequences <hn>$l°:1 of non-zero elements of V that converge to the zero
vector h,, — 0. Equivalently, the first-order expansion holds, in Landau notation

f(x + h) = f(z) + Ah + o(h).
If there exists such an operator A, it is unique, so we write Df(x) = A and call it the

Fréchet derivative of f at x.
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Theorem 1. Suppose f,gi,..., gm are second differentiable functions in the variables x1,. .., T,
and that (ai,..., [ ST Am) is a critical point of L(xq,..., Ty Ylye e o s Yym) = f— D, yg.
Suppose further that the set of vectors {Vg;(ay,..., ap) : 1 < i < m} are linearly independent. If
the last n —m principal minors of the bordered Hessian H(aq,.. ., Aps Ay ey Am) (the Hessian of
L at the above critical point) is such that the smallest minor has sign (—1)™"1 and are alternating
in sign, then (ai,..., an) is a local constrained mazimum of f subject to the constraints g; = 0.}
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