INFORMAL NOTES ON
MATHEMATICS

2022.04.07 SECTION I.A R"andC" 11
EXERCISES 1.A
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1.31  The number —1 times a vector

(—=1)v = —vforeveryv e V.

Proof Forv € V, we have
v+ (—=lv=1lv+ (=l)v= (l + (—I))v: Ov = 0.

This equation says that (—1)v, when added to v, gives 0. Thus (—1)v is the
addiuve inverse of v, as desired. ]

EXERCISES 1.B
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Here the 0 on the left side is the number 0, and the 0 on the right side is
the additive identity of V. (The phrase *“a condition can be replaced” in a
definition means that the collection of objects satisfying the definition is
unchanged if the original condition is replaced with the new condition.)
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ﬁ Let oo and —oo denote two distinct objects, neither of which is in R.
Define an addition and scalar multiplication on R U {oo} U {—00} as you
could guess from the notation. Specifically, the sum and product of two

real numbers is as uspal, and for ¢ € R define ) RV—
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I +00=00+1 =00, ! + (—00) = (—00) + t = —o0.

00 + 00 = 00, (—00) + (—o0c) = —o0, o0 + (—o0) = 0.
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If u € U, then —u [which equals (—1)u by 1.31] is also in U by the third
condition above. Hence every element of U has an additive inverse in U.

The other parts of the definition of a vector space, such as associativity
and commutativity, are automatically satisfied for U because they hold on the
larger space V. Thus U is a vector space and hence is a subspace of V. ]

The three conditions in the result above usually enable us to determine

quickly whether a given subset of V' is a subspace of V. You should verify all
the assertions in the next example.

1.35 Example subspaces
Le,0,9, 0);5:']“5)0"‘0"[1 M},
(a) Ifb €F,then obho“’lj it satisfres dued” mcler aoldition oud sca (o “é') i

0
{(x1.x2,x3.x4) € F* 1 X3 = 5x4 + b}

is a subspace of F* if and only if b = 0.

(b)  The set of continuous real-valued functions on the interval [0,1] is a
subspace of RI%:1]. Slmlay to (a)

(¢)  The set of differentiable real-valued functions on R is a subspace of RR.
imiloy 40 (a)
(d)  The set of differentiable real-valued functions f on the interval (0, 3)
such that f'(2) = b is a subspace of R(®:3) if and only if b = 0.
Similor ¢ (a)
(e)  The set of all sequcnlces of complex numbers gltth;Flt"O 1s a subspace
of C®.  Obrivwsly (0,0, --r 5 anslement of7 .
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rifying some Of e items above Clearly {0} is the smallest sub-fi = v
shows the linear structure underlying space of V and V itself is the || ¢losed wnder
parts of calculus. For example, the sec- | largest subspace of V. The empty “‘;‘q[.f -u{UPL‘a.t;.n
ond item above requires the result that | set is not a subspace of V because ||
the sum of two continuous functions is |4a subspace must be a vector space Lo L-
nd h i a1 | r‘sud t 40
continuous. As another example, the |@14 ftence must contain at least |
} ) one element, namely, an additive ’Tkv&, bm 1“"1"'”
fourth item above requires the result ST

. identity.
that for a constant ¢, the derivative of
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cf equals ¢ times the derivative of f . ’5
The subspaces of R? are precisely {0}, R2, and all lines in R2 through the

origin. The subspaces of R are precisely {0}, R3, all lines in R? through the
origin, and all planes in R through the origin. To prove that all these objects
are indeed subspaces is easy—the hard part is to show that they are the only

subspaces of R? and R3. That task will be easier after we introduce some
additional tools in the next chapter.
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