INFORMAL NOTES ON
MATHEMATICS

2022.04.12 Linear Algebra (continued)

Follow 4.11's notes. We mainly give some definitions.
Definition 1
A unit vector is a vector with length 1. We write a unit vector as V.

Definition 2 (Kronecker delta)

We have

So the Kronecker delta represents an identity matrix.

Definition 3 (Einstein's summation convention)

Consider asumx-y = »_ x,;y;. The summation convention says that we can drop
the Y . symbol and simply write X-y = x;vy;. If suffixes are repeated once, summation
is understood.

Note that ¢ is a dummy suffix and doesn't matter what it's called, i.e.

TiYi = T;Y; = TrY etc.

The rules of this convention are:
() Suffix appears once in a term: free suffix
(#4) Suffix appears twice in a term: dummy suffix and is summed over
(797) Suffix appears three times or more: WRONG!

Definition 4 (rank)
JEXFERERIZIFE (column rank) FFHZIFTEXAIFNEL, 17#¢ (row rank) FTFLMETE
KATE. HFEEIIEFER THRIZIFAESE, Al DIE R AHEREIEE (rank) .

B ERCERFRRAR/DN,  BATTRT DAYEH A A C R RE MR A BT R R . B AR
IR R AATRATE. IXR RIT B S SRR R HIRE.
XEBNERINEEELIEILL B WL &S HTE LA

Definition 5



EHTETEN— RSB

o SERMEES i = 147, W1 a1y = 0 B% ' > 110175 ay) # 0, SEHTEEE r; © ry WRE—FILH
0, BAIREFTAE 1 71, W& 2 PUSSHITEA | LUENE | MRS 1 78— ESRins q(1) . & REET
RiTEME Ty + 1 X kS ¢ > 170 @y 1) B 0.

s RRMEBE i =2...m— 117 . BREE i 1T, 555 q(i) = q(i — 1) + 1, inSIHAIIERETT a; q6) = 0, BX
' > 1 {fHTH @y g6 # 0, BEEHTITER T, © 1y BHFEXEN 7, BOKS q(i) = q(i — 1) + 2 H#E
FIHAZESE , LUt B EMETRTS®R ry + 1 X k #ERES ¢ > 170 ay (i) #A 0.

Corollary 1 /% &E
RIBLL L2258 | BEREUEME ARG . WLARLI T B ARRRAES
1. EEEFRH a;; £HATWNT i, BENENER v; HTAE , WHEELRE .
2. BEE d M EH a; j SHENT i, BEXNNRE ¥y REAE , WAEESESNE  BEE d MIEEHECEETAH

B EEAVER .
3. BETEERN a; ; £AFENT . WESKEEI LW A=AERE , (0AE EtNTES AT . tEhESHE—RE .

Corollary 2 fZ945#
FESITEILEAN R IRAEERE | BSngEE s EEXENETESIN T—ERE .

d
X = &xXi+Xo (18)
i=1

Heh g B2 d MIEEH (LHEEH—@it d=0) , GioXEENDHAE , x B2HENE . 8—F5E , SHAE
HHEE—ME , BRESREl— i o; S52%a . = 18 IEHENNERR ( general solution) |, BETRMEIE— 5k
FH2R0%5 ( special solution) .

% LR, XM TFEEERIIETFR (inhomogeneous) 7724 Ax=y, FNTA] LFFEMEM
JEALFERE R 7R R 7T FE4 Ax=0 HIIBES TE7F IR 77 FEA I —FFIEFE .

Definition 6 (Transpose of matrix)

If A is an m x n matrix, the transpose AT is an n x m matrix defined by
(A7) = Az

Definition 7 (Hermitian conjugate)
Define AT = (AT)*. Similarly, (AB)" = BT A,

Definition 8 (Symmetric matrix)
A matrix is symmetric if AT = A



Definition 9 (Skew-Hermitian matrix)
A matrix is skew-Hermitian if A" = — A. The diagonals are pure imaginary.

Definition 10 (Trace)
The trace of an n X n matrix A is the sum of the diagonal. tr(A) = A;;.

Definition (Linearly independent vectors). A set of vectors {vy, va, vy v, }
is linearly independent if

N hivi =0 = (Vi) X = 0.

i=1

Definition (Spanning set). A set of vectors {uj,us,uz---u,,} C R" is a
spanning set of B™ if

m
(Vx € R™)(AA:) Y Ay = x
i=l

Definition (Basis vectors). A basis of " is a linearly independent spanning
set. The standard basis of R™ is e; = (1,0,0,---0),e; = (0,1,0,---0),---e, =
(0,0,0,--- ,1).

Definition (Orthonormal basis). A basis {e;} is orthonormal if e; - e; = 0 if
i #j and e; -e; =1 for all 4, j.

Using the Kronecker Delta symbol, which we will define later, we can write
this condition as e; - e; = d;;.

Definition (Dimension of vector space). The dimension of a vector space is the
number of vectors in its basis. (Exercise: show that this is well-defined)



