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2 Fundamentals of Inequalities April 16, 2022

The quantity P(r) is called the rth power mean Note that if we set all the
weights equal, that is wy = wq = =w, = n, then

To s :
te ;raée , we will '“wdzi?+a;aiwc+ n)” . %0 fve N

[ Y;oobaot‘ P(r) !
L’? ]{S;Fy abe=1. wecon” Let o= eal),—_ﬁ Cz [.J

Coroll 2.7 (QM-AM-GM-HM theorem). a, be pos twe real

numbers. Then ,

a; +---+ay n
> Yajaz ... an >

quakcm&wegoi&s a-&mgj[ﬁ we—wnverkzeca,laa

Proof. Set r € {2,1,0,—1} we obtain the inequali
with (Tey, 2, 20

Here “QM” and “HM” stand for “quadratic mean” and “harmonic mean”

Here is an ap lication of a .—-powel mean Z+b¢ ) Z C btc
g\ Schur in 3“ = a’ca 7 0' )
Example 4 (Tatvan TST 2014). Lot a,b,c ;q Prove that

W“M l’-’" ﬂ«qfs {fne wmw?jrw.
3(a+0b+ abe+ LTI T
;%L3+c 4 %bc zozb 3

Solution 14. By Power Mean with r =1, s = %, and weights % + g =1 we
have the inequality

3
1g/a®+b%+c3 8, 1/a’ +0°+c%\ | 8
Thus it is enough to prove a®+ b3 4¢3 +24abe < (a+b+c) v{hlch is clear. z p)
7 Ema“’*(le b (e e d’t 7 cacth)
§2.4.2 Cauchy and Halder o Lo Tﬂ,‘,m Jal+ |b] 7]arbl

We now present Holder’s inequality; we state the two-variable form for con-
creteness but the obvious generalization to any number of sequences is valid.

Theorem 2.8 (Hélder’s inequality). Let p and q be positive real numbers. Let
ai, ..., an, b1, ..., by, be nonnegative real numbers. Then
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2 Fundamentals of Inequalities April 16, 2022

Solution 16. This time, we use Holder with slightly changed weights in order
to remove the square root:

(Z \/%) (Za(b+c)) > (a+b+e).

cyc

Again it is enough to prove (a + b+ ¢)? > %Ecyc a(b + ¢) which is true by
expanding,. |

Ezercise. Show that if one sets b; = 1 for each i, then Hélder’s inequality
reduces to a power mean inequality with all weights equal.

§2.5 Inequalities in arbitrary functions

Let I be an open interval (for example I = (0,00) or I = (0,1)) and let
f: (u,v) = R be a function and let ay, as,...,a, € (u,v). Suppose that we fix
w = a (if the inequality is homogeneous, we will often insert such a

condition) and we want to prove that

flay) + flaz) +---+ flan)

is at least (or at most) nf(a). In this section we will provide two methods for
doing so.

Definition 2.10. We say that function f is convex if the second derivative
f"" is nonnegative over all of (u,v). Similarly we say it is concave if f” () <0
for all z. Note that f i 1s convex if and only if —f is Concave

T a8 Bl by b

§2.5.1 Jens n and Kar maf:
: I.e, 5
We have the following analog of AM-GM now. Sr < f;r'{’ 3j
e a con

Theorem 2.11 (Jensen’s inequality). Let f: I — R
Theng any ay,...,a, € I we have
f(

a1)+---+f(an)

>
7,‘f£()+ ot ﬁ,{’c;rn) - 7 o f
The reverse inequality holds wherff s co ve.

Ezxercise. Show that if one takes I = (0,00) and f to be the natural logarithm,
then Jensen reduces to AM-GM with all weights equal.

ex function.

a1+...+an)

Just as Muirhead is repeated AM-GM, there is an analog of repeated Jensen;
however its use is somewhat rarer.

Theorem 2.12 (Karamata’s inequality). Let f: I — R be convex. Suppose
the sequence (x,) majorizes (yn), with each x; and y; in I. Then

ARBZ S o) b ) 2 F) o+ Fn).

The reverse inequality holds when [ is concave.
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