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Figure 1.3B. Reflecting the orthocenter. See Lemma 1.17.

Lemma 1.17 (Reflecting the Orthocenter). Let H be the orthocenter of AABC, as in
Figure 1.3B. Let X be the reflection of H over BC and Y the reflection over the midpoint
of BC.

(a) Show that X lies on (ABC).
(b) Show that AY is a diameter of (ABC). Hint: 674
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Lemma 1.18 (The Incenter/Excenter Lemma). Let ABC be a triangle with incenter I .
Ray Al meets (ABC) again at L. Let 14 be the reflection of I over L. Then,

(a) The points I, B, C, and 14 lie on a circle with diameter 11, and center L. In particular,
Ll =LB=LC =LI,.
(b) Rays B4 and C 1, bisect the exterior angles of AABC.
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Figure 1.5B. Here, {ABC = 50° and LCBA = —50°.
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Figure 1.4A. Lemma 1.18, the incenter/excenter lemma.

Oblivion. LAPA = 0.
) Anti-Reflexivity. {ABC = —{CBA.

2_ Replacement. L PBA = £ PBC if and only if A, B, C are collinear. (What happens
when P = A?) Equivalently, if C lies on line BA, then the A in £ PBA may be

replaced by C. ?
Right Angles. [f AP | BP, then {APB = {BPA = 90°. 3 ?
Directed Angle Addition. {APB + ABPC = LAPC. (_
Triangle Sum. {ABC + {BCA + £CAB = 0. ¥ %

Isosceles Triangles. AB = AC ifand only if {/ACB = LCBA.
Inscribed Angle Theorem. If (ABC) has center P, then {APB = 2AACB.
Parallel Lines. If AB | CD, then {ABC + £{BCD = 0.
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How do we handle this? The solution is to use directed angles
& mod 180 ° . Such angles will be denoted with a symbol £
instead of the standard £. (This notation is not standard;
should you use it on a contest, do not neglect to say so in the
opening lines of your solution.)
Here is how it works. First, we consider £. ABC to be positive
if the vertices A, B, C appear in clockwise order, and negative

otherwise
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One thing we have to be careful about is that 2A ABC = 24-XYZ does not

imply A_ABC =£_XYZ, because we are taking angles modulo 180 ¢ . Hence it
does not make sense to take half of a directed angle.

Miquel Point of a Triangle

Lemma 1.27 (Miquel Point of a Triangle). Points D, E, F lie on lines BC, CA, and
AB of AABC, respectively. Then there exists a point lying on all three circles (AEF),
(BFD),(CDE).

It should be clear
by looking at the
figure on the left
that many, many
configurations are
possible. Trying to
handle this with
standard angles
would be quite
messy. Fortunately,
we can get them all
in one go with
directed angles.
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