INFORMAL NOTES ON

MATHEMATICS
2022.07.17
b abis], GRTEMAHET LS SEIHE, | 3 Tdgily $oRDS, bk . A akn)
4% 2,a0R - R ARG, Fodedh ﬁaf 0, [th Gue d 2y > (d=2
- B4 (an BIRY Gn- 21457 . B8 30K iR KA Qs = Out4d>ll {a:-—fs
Qniy =5ns - ban trzl) 0 atls = a3t et = 285 = YPstid)
?ﬂ%: YR a2 g ‘én-“_k; ntly 4 gty 2l x astfd =g .S'f-‘}LOL:S’,_ od=3
2 G-5 ) x2™  aes) a3y 1A b -thepIh S EYH Wsvdo ¥, =B b, BE
'S e ifopile. F4ELBARARY,
Z B &bt ?‘if’ Giedrtay = da+ 3d =3¢
2.k “P“‘l‘(’:ﬁ] ‘ —Vk,hﬁia_,t-'ﬁ, o %ﬁﬁfﬁ, 0 Zau{« Qnt € Qn=) :-—Mf@"‘}al-'-'- M
Yot AAHID G, K len] BERL A, @ + nY oL = 5o

?zﬁ[ Bib bfid M frby @%mf:m % i 42 Body ph e h R-2P 5
ORL3) 1B BAMTR 2 Aaidp | (adbtll s = o
OUAs) nr., BE2UHAL Few 4 Gonk et G =44
Lan: An-l 4 An-y 2%z et = Lcaean) =3
ELY %kﬁi@) o n=13

143 Bpyndil  Nbh-asERE | s 21945 B8 (ad , o bsn, £S5 o)
b -4B4 s § G w 4Bk 45, Ndda S1> 0, RYSppsl R b PAE 1

:Zjﬁ/ﬁ{: &*lzﬂ“id fﬁ% 23 - l§Gr1<co ~ Q3.0
BTR A = Gt e-id Sip = fCut i) >hcrjeaq) >0
G- 2n- =0l Ye i, @y >0 AL ool 20
o - Gnr=d 2 Cr-au= ) . la;|< las] ¢ ~+ <la]
[a-ﬂ ¢ (ag]| & - -
a, - 0 =l : al+a129 oAy >(aq |
‘%iﬁﬁgj ZntR 4o * Sn --“Za-k- ﬂdﬁ"""'”d {-_J“é%'? vt ,
S = ot @rd 14 Gl + -t Caitorid ’Zm%ﬂ Wy G b, - SaR -2 58 kit
z AGy + }LGI i - tﬂiﬁﬁ#ﬁ&’r"ﬁﬁéﬁ_@ 'ﬂ‘l’iﬁ
2 AAN = it =m Warsby:ay1aq | B 7T aatt = Qo
Oatbz, - G Q-17d ¥G+ 0 -)d i1} ﬁ/ﬂ‘i = an> & ?"-—]
Z 24 +om-20d (..--- =9 ‘%é\‘}z
AN Gy, +ay, : 2 + om) d o tall R % ? ﬁw
¥ a
2 it B i 2 P tomh 5= ]
R) 0z, +0z, 4 .- *Oal = Oy b Gy o thy, @bﬂ@,ﬁ?ii@ ‘i’ d. 17 -243 ,

L ANEY U R RS R T




BY> a=zl, anz 22, & B7R
0 i & &

artl = ) s ).

“n pn-l
> bn = N Ll 2)7 L an T 27
@ 4o K R bo
an an-

- bn e bn—{

| ] . £
"""Ft"'-'-"""'ﬁ':T"'"i""i"T-- bn:-'bu-:*.,

sz""'—"' \___.-}?--.--—‘--

bn bh-—l

2 bn-b > ';nfl' -t vy A
[

z "7‘("5-:""') -2

. I

- "i..i;'

; )
" ba = I- ;4 X ean - Ln-—'{

20033l f fold
503 F4on

na. ‘1:-"
Sns= 2 ap *
= LUPL gt

9 -

1 Bt Z AN HL &N ap bin

T L4%])
bn = CH Ittt &
qé«..-.. (_‘E-!-?z'.l- .-.-&?”J a,

& (_9-” 5;1 = an—-})a-:
Sy = Ll

N =
{E‘dz s Gn =nlna* ) | ApBoE

Qn- /

g: Trc wor ¢
\__...-""="- ———
bn ba-1

o bao= bl "f'ﬁ'i
&obae 14 (;.'IT-I- (ﬂ_j?__' ot )
Gan 2 nl + -1 ¢ «i 4 )
Maserode 72430 ¥z 208 KoB13 , A4
R OFIS < hoo7¥t] AL BxhAdrm 2w}

§1.1 Definition and examples of groups

Prototypical example for this section: The additive group of integers (Z,+) and the cyclic
group Z/mZ. Just don’t let yourself forget that most groups are non-commutative.

Definition 1.1.3. A group is a pair G = (G, x) consisting of a set of elements G, and

a binary operation * on (G, such that:

¢ (G has an identity element, usually denoted 14 or just 1, with the property that

laxg=¢gx1g =g for all g € G.

e The operation is associative, meaning (a x b) x¢c = a x (b ¢) for any a,b,c € G.
Consequently we generally don’t write the parentheses.

e Each element ¢ € G has an inverse, that is, an element h € G such that

fi’%. [ ;_ﬁ___,'il g:'ﬂ'-b

gkn=nhxg=1g.

Remark 1.1.4 (Unimportant pedantic point) — Some authors like to add a “closure”
axiom, i.e. to say explicitly that g x h € G. This is implied already by the fact that
x is a binary operation on (G, but is worth keeping in mind for the examples below.

Remark 1.1.5 — It is not required that x is commutative (a xb = bxa). So we say
that a group is abelian if the operation is commutative and non-abelian otherwise.




Example 1.1.6 (Non-Examples of groups)

e The pair (Q,-) is NOT a group. (Here Q is rational numbers.) While there is
an identity element, the element 0 € Q does not have an inverse.

e The pair (Z,-) is also NOT a group. (Why?) Dﬂﬂ/‘f have o INVErsEe,

o Let Matoyo(RR) be the set of 2 x 2 real matrices. Then (Matgyo(R), ) (where
- is matrix multiplication) is NOT a group. Indeed, even though we have an

identity matrix
1 0
0 1

we still run into the same issue as before: the zero matrix does not have a
multiplicative inverse.

(Even if we delete the zero matrix from the set, the resulting structure is still
not a group: those of you that know some linear algebra might recall that any
matrix with determinant zero cannot have an inverse.)

Example 1.1.7 (Complex unit circle)

Let S denote the set of complex numbers z with absolute value one; that is
Sl ={zeC||z| =1}.
Then (S!, x) is a group because
e The complex number 1 € S! serves as the identity, and

¢ Each complex number z € S! has an inverse % which is also in S!, since
= ~1

There is one thing I ought to also check: that z; x 29 is actually still in S!. But this
follows from the fact that |z;29| = |21]|22| = 1.

Example 1.1.8 (Addition mod n)

Here is an example from number theory: Let n > 1 be an integer, and consider the
residues (remainders) modulo n. These form a group under addition. We call this
the cyclic group of order n, and denote it as Z/nZ, with elements 0,1,.... The
identity is 0.
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Example 1.1.9 (Multiplication mod p)

Let p be a prime. Consider the nonzero residues modulo p, which we denote by
(Z/pZ)*. Then ((Z/pZ)*, x) is a group.
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I Question 1.1.10. Why do we need the fact that p is prime?
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Example 1.1.11 (General linear group)
Let n be a positive integer. Then GL,,(R) is defined as the set of n x n real matrices
which have nonzero determinant. It turns out that with this condition, every matrix
does indeed have an inverse, so (GL,(R), x) is a group, called the general linear
group.

(The fact that GL,,(R) is closed under x follows from the linear algebra fact that
det(AB) = det Adet B, proved in later chapters.)
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Example 1.1.12 (Special linear group)

Following the example above, let SL,,(R) denote the set of n x n matrices whose
determinant is actually 1. Again, for linear algebra reasons it turns out that
(SL,(R), x) is also a group, called the special linear group.

Example 1.1.13 (Symmetric groups)

Let S,, be the set of permutations of {1,...,n}. By viewing these permutations as
functions from {1,...,n} to itself, we can consider compositions of permutations.
Then the pair (S,,,0) (here o is function composition) is also a group, because

e There is an identity permutation, and
e Each permutation has an inverse.

The group S5, is called the symmetric group on n elements.
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Letn =13 and let o € S35 be defined by
o(l)=12, o(2)=13, o0(3)=3, o4l =1, o(5) =11,
c(6)=9, o(@)=5 08 =10, o009 =6, o(10) =4,
o(l11)=7, o0(12)=8, o(13)=2.
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Method Example

To start a new cycle pick the smallest element of {1, 2,....n} | (1
which has not yet appeared in a previous cycle — call it a (if
you are just starting, a = 1); begin the new cycle: (a

Read off o (a) from the given description of o — callitb. If | o(l) = 12 = b, 12 # 1 so write:

b = a, close the cycle with a rith parenthesis (without writing | (112
b down); this completes a cycle — retum to step 1. If b # a,

write b nexttoa in thiscycle: (ab

Read off o(b) from the given description of o — callitc. If | o(12) = 8, 8 # 1 so continue the

¢ = a, close the cycle with a right parenthesis to complete the | cycle as: (1128
cycle — return to step 1. If ¢ # a, write c next to b in this
cycle: (abc Repeat this step using the number ¢ as the new

value for b until the cycle closes.
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For any o € §,, the cycle decomposition of o ! is obtained by writing the num-
bers in each cycle of the cycle decomposition of o in reverse order. For example, if
o=(1128104)(213)(511 7)(69) is the element of 5|3 described before then

o' =(4108121)(132)(7 11 5)(9 6).
Note. > i‘tﬁgﬁkﬁépf;%o‘oj' , %@@i , b5k
14 = iTﬁ (23 e cl)eiy)
M 12223, 122122, 354, 42321 o CR3)eunUh = d34)

Dummit REGH B Clobhsniedins RrGsmueng , J8445 HaL),
RPB-Y . L3 @), RALGEIE AR ac@hVSnE R AR BRSEIZY.

Example 1.1.14 (Dihedral group)

The dihedral group of order 2n, denoted Ds,,, is the group of symmetries of a
regular n-gon A1As... A, which includes rotations and reflections. It consists of
the 2n elements

{1??’, r? ... " s srosr? .., sr”_l} .

The element r corresponds to rotating the n-gon by %”, while s corresponds to
reflecting it across the line OA; (here O is the center of the polygon). So rs mean
“reflect then rotate” (like with function composition, we read from right to left).

In particular, 7™ = s2 = 1. You can also see that r*s = sr—F.




Here is a picture of some elements of Dq.

2 1 5 4 1
3 2 4 3 5
1 5 1 5 2
4 3 3 2 4
5 4 2 1 3
Trivia: the dihedral group D5 is my favorite example of a non-abelian group, and is the
first group I try for any exam question of the form “find an example...”.

Foreachn € Z*, n > 3 let D,, be the set of symmetries of a regular n-gon, where
a symmetry is any rigid motion of the n-gon which can be effected by taking a copy
of the n-gon, moving this copy in any fashion in 3-space and then placing the copy & tA9iL
back on the original n-gon so it exactly covers it. More precisely, we can describe the

Then each symmetry s can be described uniquely by the corresponding permutation o
of {1, 2,3, ..., n} where if the symmetry s puts vertex i in the place where vertex j
was originally, then o is the permutation sending i to j. For instance, if s is a rotation
of 27 /n radians clockwise about the center of the n-gon, then o is the permutation
sendingitoi + 1,1 <i <n-1,and o(n) = 1. Now make D,, into a group by
defining st for s, € D,, to be the symmetry obtained by first applying ¢ then s to
the n-gon (note that we are viewing symmetries as functions on the n-gon, so st is just
function composition — read as usual from right to left). If s, ¢ effect the permutations
o, t, respectively on the vertices, then st effects o o r. The binary operation on D>,
is associative since composition of functions is associative. The identity of D,,, is the
identity symmetry (which leaves all vertices fixed), denoted by 1, and the inverse of
s € D,, isthe symmetry which reverses all rigid motions of s (so if s effects permutation
o on the vertices, s~ effects ). In the next paragraph we show

|D2n| =2n

and so D»,, is called the dihedral group of order 2n. In some texts this group is written
D,; however, D,, (where the subscript gives the order of the group rather than the
number of vertices) 1s more common in the group theory literature.

(1) 1,r,r%, ..., r" areall distinct and r” = 1, so |r| = n.

2) lsl=2 ' 4 (]
23; .lsL’-r" for any i. 1Bh1e 1 £24 G, o™ 2
Q) sr #sr/,forall0<i,j <n—1withi # j,so

Dsy={1,7; r?, ... r" L s, sr, s, ... ,Sr”"}

i.e., each element can be written uniguely in the form s*r* for some k = 0 or

landO<i <n-—1.
(5) rs = sr—!. [First work cﬁ%ﬁgwﬁ%ﬁaﬁi&oﬂ s effects on {1, 2,...,n} and

then work out separately what each side in this equation does to vertices 1
and 2.] This shows in particular that r and s do not commute so that D;, is
non-abelian.

(6) r's = sr~,forall 0 <i < n. [Proceed by induction on i and use the fact that
ritls = r(r's) together with the preceding calculation.] This indicates how to
commute s with powers of r.

Pk 2 A58 g 8 42y .

9. Prove that Dy4 and S4 are not isomorphic.
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Example 1.1.15 (Products of groups)

Let (G,*) and (H,*) be groups. We can define a product group (G x H,-), as
follows. The elements of the group will be ordered pairs (g, h) € G x H. Then

(91, h1) - (g2,h2) = (91 * g2, h1 xha) € G x H

is the group operation.

Example 1.1.17 (Trivial group)
The trivial group, often denoted O or 1, is the group with only an identity element.
[ will use the notation {1}.

§1.2 Properties of groups

Prototypical example for this section: (Z/pZ)* is possibly best.
i )

Proposition 1.2.4 (Inverse of products)

Let G be a group, and a,b € G. Then (ab)~! = b~ 1a™!.
- J

Lemma 1.2.5 (Left multiplication is a bijection)
Let G be a group, and pick a ¢ € G. Then the map G — G given by = — gx is a

bijection. LD cancellation bw AA$E =D e < be » asb @bdmsy) y

<

Example 1.2.7

Let G = (Z/7Z)* (as in Example 1.1.9) and pick g = 3. The above lemma states
that the map x +— 3 - x 1s a bijection, and we can see this explicitly:

(mod 7
(mod 7
(mod 7
(mod 7
(mod 7

_— (& o —
SRS S b
(W] (W% G Ll G (]
o o =g Qo

-

o

)
)
)
)
)
)

g
IS

(mod 7).




§1.3 Isomorphisms

Prototypical example for this section: Z = 10Z.

Definition 1.3.1. Let G = (G, x) and H = (H, %) be groups. A bijection ¢ : G — H is
called an isomorphism if

d(g1 * g2) = ¢(g1) * ¢(g2) for all g1,92 € G.

If there exists an isomorphism from G to H, then we say GG and H are isomorphic and
write G = H.

Example 1.3.3 (Primitive roots modulo 7)
As a nontrivial example, we claim that Z/67Z = (Z/7Z)”. The bijection is

¢(a mod 6) = 3 mod 7.
e This map is a bijection by explicit calculation:
(3°.3,3°,3°,3*.3")=(1,3.26,4,5) (modT).
(Technically, I should more properly write 3° ™46 —= 1 and so on to be pedantic.)

e Finally, we need to verify that this map respects the group action. In other
words, we want to see that ¢(a + b) = ¢(a)o(b) since the operation of Z/6Z is
addition while the operation of (Z/77Z)* is multiplication. That’s just saying
that GEkbmedd=gwmoitabmed SSIHAMT), which is true.

a..q-B modl . = amooln 4 b waod v

Example 1.3.4 (Primitive roots)

More generally, for any prime p, there exists an element g € (Z/pZ)* called a
primitive root modulo p such that 1, g, ¢°, ..., g’ 2 are all different modulo p. One
can show by copying the above proof that

Z/(p—1)Z=(Z/pZ)™ for all primes p.

The example above was the special case p =7 and g = 3.




