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We know that in most inequalities with a constraint such as abc = 1 the
substitution a = g—, b = g, = 2 simplifies the solution (don’t kid yourself,

not all problems of this type become easier!). The use of substitutions is far
from being specific to inequalities; there are many other similar substitutions
that usually make life easier. For instance, have you ever thought of other
conditions such as

zyz=c¢+y+2+2; zy+yz+z2x42zyz=1; :cz-l—yz-l—zz—l—z::yz:l

or % 4+ y® 4+ 22 = zyz + 47 The purpose of this chapter is to present some of
the most classical substitutions of this kind and their applications.

RIE Boblerss from THE Book , TS UAR LR 2.
You will be probably surprised (unless you already know it...) when finding

out that the condition zyz = = + y + 2 + 2 together with z,y,2z > 0 implies
the existence of positive real numbers a, b, ¢ such that

b+ c c+a a+b
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Now, let us take a closer look at the other substitutions mentioned at the
beginning of the chapter, namely 22 + y? + 22 + 2zyz = 1 and 22 + y? + 2° =

xyz+4. Let us begin with the following question, which can be considered an
exercise, too: consider three real numbers a, b, ¢ such that abc = 1 and let
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= (a2+$)+(b2+bl2)+(c2+c]2)+2
=@z*-2)+(@*-2)+(*-2)+2

Thas A+ 42> -2y =f o~ - - - -~ v (12)

Because |a + %‘ > 2 for all real numbers a, it is clear that not every triple
(z,y, z) satisfying (1.2) is of the form (1.1).
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Now, let us regard (1.2) as a quadratic equation with respect to z. Because
the discriminant is nonnegative, it follows that (z2 —4)(y? —4) > 0. But since
lz| > 2, we find that y2 > 4 and so there exist a non-zero real number v for

1
which y = v+ —. How do we find the corresponding 27 Simply by solving the
v
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and now we are almost done. If z = uv + — we take (a,b,c) = | u,v, _)
UY U

u v 1 U
and if 2 = — + —, then we take (a,b,c) = (—,'u, —).
v U U v

Inspired by the previous equation, let us consider another one,

4y’ + 22+ azyz =4 (1.3)

where z,y,z > 0. We will prove that the set of solutions of this equation is
the set of triples (2cos A,2cos B,2cos(C'), where A, B,C are the angles of an
acute triangle. First, let us prove that all these triples are solutions.
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Let us summarize: we have seen some nice substitutions, with even nicer
proofs, but we still have not seen any applications. We will see them in a
moment... and there are quite a few problems that can be solved by using

these “tricks”. First, an easy and classical problem, due to Nesbitt . It has so
many extensions and generalizations that we must discuss it first.

Example 1

Prove that

___J

a 1 b i s,
b+¢c c+a a+bd

for all a,b,c > 0.

LM : A %= ﬂtg-a-cce Z: afb v XYt YRt V) i a+y+z ‘:'é . e 7‘2’"’*{1”’3
< _E’f;‘;?—ﬂz—@- 1{34-.5]31-22: 4 -{{-3 12* £ 27y 4»2,3%-&2,2.7{ a@rq‘j@m%@w) o Y13yt T3
c@s=% = nyr e EHEY O[fo 2 Y 461440 - 2192 o
M:l*?fifbﬂf-mu LI 773

'E)-caml)l-e 2' Let z,y,z > 0 be such that zy + yz + zz + 2zyz = 1. Prove
—— that
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[Mircea Lascul]

SRl g Reramy el LBRAMGRE 1D T, B 22 sdeg5
_‘EE ﬁ’f‘b’ Ji: ﬁ1laﬁb+c_i a’ cfa_g+g‘ aif:bég—i_g' S wj%ﬂ@g

at

¢a & icf-4a blcta Chic—2) ot Al e \
SoFf . e Bt sy - e B oY a9k Witvioa) | A4 L wind sl K45
2 Uaq
i;f-;'_p_. '?béf- -3‘6"*26 =3!b4.:"—q""’?:

r 8 e — e —— e ——— e ——

Example 3. Prove that in any acute-angled triangle ABC the following
~ inequality holds

cos? A cos® B + cos?® B cos® C + cos® C cos® A

1
< Z(cons2 A + cos?® B + cos? C).

[Titu Andreescu]
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IEx:&u:nple: 4 J Find all polynomials f(x,y, z) with real coefficients such that
1 1 1
-, b+ - -1=0
f(a-l—a, —}—b,c—l—c)

whenever abc = 1.

|Gabriel Dospinescu]

A ROM ARG Y 42 AR ER A s ks by | AL AN BREN A AL 5
‘ﬂH« ) Q%ﬁ ({fﬂ'ﬁﬁfkfﬁﬂ&, M{‘)ang,z) ’ A.oj,z), lcg,g,ﬁﬁ:
f(z,y,2) = (¢ +y +z = ayz — 4)9(2,y, 2) + zh(y, 2) + k(y, 2)
WEBLES, (atd) hCHT, o631 ¢ Ko o] ) 20 | won abesy

we take two numbers z,y such that min{|z|, |y|} > 2 and we write z = b+ —

b?
1 Vz2 —4 VY2 —4
y:C+—Withb=$+ - ,«.’::y+ J :
g 2 2
Then it is easy to compute a + —. It is exactly

a

zy + /(22 — 4)(y2 - 4).

So, we have found that

(zy + v/ (2% — 4)(y?2 — 4))h(z,y) + k(z,y) =0

whenever min{|z|, |y|} > 2. And now? The last relation suggests that we ,
should prove that for each y with |y| > 2, the function z — V2% — 4 is not o) A

rational, that is, there are not polynomials p,q such that v/z? — 4 = p_(x)' B

A% o 9(z)

But this is easy/because if such polynomials existed, than each zero of z* — 4
should have even multiplicity, which is not the case. Consequently, for each
y with |y| > 2 we have h(z,y) = k(z,y) = 0 for all z. But this means
that h(z,y) = k(z,y) = 0 for all z,y, that is our polynomial is divisible by
12 4+ y? + 2% — zyz — 4.




