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Our general approach will be as follows. I will try to tell you what you need to
know, and no more. (This I promise: if I use the word “topoi”, you can shoot me.) I
will begin by telling you things you already know, and describing what is essential
about the examples, in a way that we can abstract a more general definition. We
will then see this definition in less familiar settings, and get comfortable with using
it to solve problems and prove theorems.

For example, we will define the notion of product of schemes. We could just
give a definition of product, but then you should want to know why this precise
definition deserves the name of “product”. As a motivation, we revisit the notion
of product in a situation we know well: (the category of) sets. One way to define
the product of sets U and V is as the set of ordered pairs {(u,v) : uw e U,v € V]
But someone from a different mathematical culture might reasonably define it as

the set of symbols [V: u e U,v € V}. These notions are “obviously the same”.
Better: there is “an obvious bijection between the two”.




This can be made precise by giving a better definition of product, in terms
of a universal property. Given two sets M and N, a product is a set P, along with
maps p: P — M and v: P — N, such that for any set P" with maps n': P’ — M and
v': P’ = N, these maps must factor uniguely through P:
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(The symbol 3 means “there exists”, and the symbol ! here means “unique”.) Thus
a product is a diagram

Fif s

and not just a set P, although the maps p and v are often left implicit.
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This definition agrees with the traditional definition, with one twist: there
isn’t just a single product; but any two products come with a unigue isomorphism

between them. In other words, the product is unique up to unique isomorphism.
Here is why: if you have a product

P, — =N

.

M

and I have a product
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This definition has the advantage that it works in many circumstances, and
once we define categories, we will soon see that the above argument applies ver-
batim in any category to show that products, if they exist, are unique up to unique
isomorphism. Even if you haven’t seen the definition of category before, you can
verify that this agrees with your notion of product in some category that you have
seen before (such as the category of vector spaces, where the maps are taken to
be linear maps; or the category of differentiable manifolds, where the maps are
taken to be submersions, i.e., differentiable maps whose differential is everywhere

surjective). 4 Ygyuna WNBHNOH 2. Hem Wyrolyos. Aulgiup> |

A category consists of a collection of objects, and for each pair of objects, a
set of morphisms (or arrows) between them. (For experts: technically, this is the
definition of a locally small category. In the correct definition, the morphisms need
only form a class, not necessarily a set, but see Caution 0.3.1.) Morphisms are often
informally called maps. The collection of objects of a category ¢ is often denoted
obj(%’), but we will usually denote the collection also by . If A,B € ¢, then the
set of morphisms from A to B is denoted Mor(A, B). A morphism is often written
f: A — B, and A is said to be the source of f, and B the target of f. (Of course,
Mor (A, B) is taken to be disjoint from Mor(A’,;B’) unless A = A’ and B = B’.)

Morphisms compose as expected: there is a composition Mor(B, C) xMor(A,B) —
Mor (A, C), and if f € Mor(A,B) and g € Mor(B, C), then their composition is de-
noted g o f. Composition is associative: if f € Mor(A,B), g € Mor(B,C), and
h € Mor(C,D), thenho (gof) = (hog)of. For each object A € ¥, there is always
an identity morphismida: A — A, such that when you (left- or right-)compose a
morphism with the identity, you get the same morphism. More precisely, for any
morphisms f: A — Band g: B — C, idgof = fand goidg = g. (If you wish,




you may check that “identity morphisms are unique”: there is only one morphism
deserving the name id A .) This ends the definition of a category.

We have a notion of isomorphism between two objects of a category (a mor-
phism f: A — B such that there exists some — necessarily unique — morphism
g: B — A, where f o g and g o f are the identity on B and A respectively), and a
notion of automorphism of an object (an isomorphism of the object with itself).

1.2.2. Example. The prototypical example to keep in mind is the category of sets,
denoted Sets. The objects are sets, and the morphisms are maps of sets. (Because
Russell’s paradox shows that there is no set of all sets, we did not say earlier that
there is a set of all objects. But as stated in §0.3, we are deliberately omitting all
set-theoretic issues.)

1.2.3. Example. Another good example is the category Vecy of vector spaces over
a given field k. The objects are k-vector spaces, and the morphisms are linear
transformations. (What are the isomorphisms?)

1.2.A. UNIMPORTANT EXERCISE. A category in which each morphism is an iso-
morphism is called a groupoid. (This notion is not important in what we will
discuss. The point of this exercise is to give you some practice with categories, by
relating them to an object you know well.)

(a) A perverse definition of a group is: a groupoid with one object. Make sense of
this.

(b) Describe a groupoid that is not a group.
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