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So what about complex functions? If you consider them as functions R? — R?, you
now have the interesting property that you can integrate along things that are not line
segments: you can write integrals across curves in the plane. But C has something more:
it is a field, so you can multiply and divide two complex numbers.

So we restrict our attention to differentiable functions called holomorphic functions. It
turns out that the multiplication on C makes all the difference. The primary theme in
what follows is that holomorphic functions are really, really nice, and that knowing tiny
amounts of data about the function can determine all its values.

The two main highlights of this chapter, from which all other results are more or less
corollaries:

e Contour integrals of loops are always zero.

e A holomorphic function is essentially given by its Taylor series; in particular, single-
differentiable implies infinitely differentiable. Thus, holomorphic functions behave
quite like polynomials.

Some of the resulting corollaries:

e It’ll turn out that knowing the values of a holomorphic function on the boundary
of the unit circle will tell you the values in its interior.

e Knowing the values of the function at 1, %, %, ...are enough to determine the

whole function!
e Bounded holomorphic functions C — C must be constant

e And more...
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§31.3 Contour integrals

Prototypical example for this section: ﬁ}r 2™ dz around the unit circle.

In the real line we knew how to integrate a function across a line segment |a, b]:
essentially, we’d “follow along” the line segment adding up the values of f we see to get
some area. Unlike in the real line, in the complex plane we have the power to integrate
over arbitrary paths: for example, we might compute an integral around a unit circle. A
contour integral lets us formalize this.

First of all, if f: R — C and f(t) = u(t) + iv(t) for u,v € R, we can define an integral

fab by just adding the real and imaginary parts:




/:f(t) dt = (/abu(t) dt) b (/:v(t) dt).

Now let « : [a,b] — C be a path, thought of as a complex differentiable? function. Such
a path is called a contour, and we define its contour integral by

jif(Z) dz = f:f(a(t)) o/ (t) dt.

You can almost think of this as a u-substitution (which is where the o/ comes from).
In particular, it turns out this integral does not depend on how « is “W’: a

circle given by _ f;ﬁﬁbﬁé
0,271] - C:t s e

and another circle given by |
[0,1] = C:t s *™

2This isn’t entirely correct here: you want the path a to be continuous and mostly differentiable, but
you allow a finite number of points to have “sharp bends”; in other words, you can consider paths
which are combinations of n smooth pieces. But for this we also require that o has “bounded length”.

and yet another circle given by
[0,1] = C : ¢ > 2™

will all give the same contour integral, because the paths they represent have the same
geometric description: “run around the unit circle once”.
In what follows I try to use a for general contours and ~ in the special case of loops.
Let’s see an example of a contour integral.
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Theorem 31.3.1
Take v : [0,27] — C to be the unit circle specified by

t s et

Then for any integer m, we have

j{zmdz: 27 m:—‘l
~ 0 otherwise
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This is now an elementary calculus question. One can see that this equals 277 if m = —1
and otherwise the integrals vanish. L]

Let me try to explain why this intuitively ought to be true for m = 0. In that case we
have 357 1 dz. So as the integral walks around the unit circle, it “sums up” all the tangent
vectors at every point (that’s the direction it’s walking in), multiplied by 1. And given
the nice symmetry of the circle, it should come as no surprise that everything cancels
out. The theorem says that even if we multiply by z™ for m # —1, we get the same
cancellation.




Definition 31.3.2. Given « : [0,1] — C, we denote by @ the “backwards” contour
a(t) =a(l —1t).

I Question 31.3.3. What’s the relation between ¢ f dz and §_f dz? Prove it.

Let © C C be simply connected (for example, {2 = C), and consider two paths «, 3
with the same start and end points.

What’s the relation between ¢ f(z) dz and 555 f(z) dz? You might expect there to be

some relation between them, considering that the space €2 is simply connected. But you
probably wouldn’t expect there to be much of a relation.
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Theorem 31.4.2 (Cauchy-Goursat theorem) b

Let v be a loop, and f : 2 — C a holomorphic function where €2 is open in C and
simply connected. Then
jé f(z) dz =0.
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