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§6.1 Boundedness

Prototypical example for this section: [0,1] is bounded but R is not.

Here is one notion of how to prevent a metric space from being a bit too large.

Definition 6.1.1. A metric space M is bounded if there is a constant D such that
d(p,q) < D for all p,q € M.

You can change the order of the quantifiers:

~ )
Proposition 6.1.2 (Boundedness with radii instead of diameters)
A metric space M is bounded if and only if for every point p € M, there is a radius

R (possibly depending on p) such that d(p,q) < R for all ¢ € M.
N J

Exercise 6.1.3. Use the triangle inequality to show these are equivalent. (The names
“radius” and “diameter” are a big hint!)
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b

Example 6.1.4 (Examples of bounded spaces)

(a) Finite intervals like [0, 1] and (a, b) are bounded.
(b) The unit square [0, 1]? is bounded.

(c) R™ is not bounded for any n > 1.

(d) A discrete space on an infinite set is bounded.

(e) N is not bounded, despite being homeomorphic to the discrete space!
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In Analysis, we studied real numbers a lot. We defined many properties such
as convergence of sequences and continuity of functions. For example, if (z,,) is
a sequence in R, z,, — & means

(Ve > 0)(AN)(VYn > N) |z, — x| < e.
Similarly, a function f is continuous at xzg if

(Ve > 0)(36 > 0)(Vz) |xr — zo| < d = |f(z) — f(xo)| < €.




Given a set X, we can define a metric (“distance function”) d : X x X — R,
where d(z,y) is the distance between the points z and y. Then we say a sequence
(z,) in X converges to x if

(Ve > 0)(IN)(Vn > N)d(z,,x) < €.
Similarly, a function f : X — X is continuous if

(Ve > 0)(36 > 0)(Vx) d(x,x20) < d = d(f(x), f(xzo)) < €.

Of course, we will need the metric d to satisty certain conditions such as being
non-negative, and we will explore these technical details in the first part of the
course.

1 Metric spaces

1.1 Definitions

As mentioned in the introduction, given a set X, it is often helpful to have a
notion of distance between points. This distance function is known as the metric.

Definition (Metric space). A metric space is a pair (X,dx) where X is a set
(the space) and dx is a function dx : X x X — R (the metric) such that for all
LY, <,

— dx(z,y) >0 (non-negativity)
- dx(z,y) =0if z = (identity of indiscernibles)
- dx(z,y) = dx(y, ) (symmetry)
- dx(z,z) <dx(z,y) + dx(y, 2) (triangle inequality)

We will have two quick examples of metrics before going into other important
definitions. We will come to more examples afterwards.

Definition (Metric subspace). Let (X, dx) be a metric space, and Y C X. Then
(Y, dy) is a metric space, where dy (a,b) = dx(a,b), and said to be a subspace of
X

Definition (Convergent sequences). Let (z,) be a sequence in a metric space
(X,dx). We say (x,) converges to x € X, written z,, — x, if d(x,,x) — 0 (as a
real sequence). Equivalently,

(Ve > 0)(AN)(Vn > N)d(z,,x) < €.
Example.

— Let (v,) be a sequence in R¥ with the Euclidean metric. Write v,, =
(v},---,vF), and v = (v!,--- ,v*) € R*. Then v,, — v iff (v) — v* for

all 7.




— Let X have the discrete metric, and suppose z,, — x. Pick ¢ = %
1

Then there is some N such that d(z,,z) < 5 whenever n > N. But if
1

d(zn,r) < 3, we must have d(z,,r) = 0. So z, = z. Hence if z, — =,
then eventually all z,, are equal to x.

Proposition. If (X,d) is a metric space, (x,) is a sequence in X such that
r, > %, T, — 2, then z = 2’.

iR 241 RAERRISE N, O Wi )
s Yeso, ANEN, 5. dom 1<% i n>A
md AN'EN, st d o x5, 1f non/
'lf n?nMCN,A!) , we hove
0 < dax. %) ¢ déx. o+ dexn, x, < _Z:z +._.§_'._
2 Veso, 0 sden,a)2E
o e, X )zo . A=A
Definition (Continuous function). Let (X,dx) and (Y, dy ) be metric spaces,

and f : X — Y. We say f is continuous if f(z,) — f(z) (in Y) whenever
r, — ¢ (in X).

2

M

Example. Let X = R with the Euclidean metric. Let ¥ = R with the discrete
metric. Then f: X — Y that maps f(z) = x is not continuous. This is since
1/n — 0 in the Euclidean metric, but not in the discrete metric.

On the other hand, g : Y — X by g(z) = z is continuous, since a sequence
in Y that converges is eventually constant.
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Example (Manhattan metric). Let X = R?, and define the metric as

d(x,y) =d((z1,z2), (y1,¥2)) = |z1 — 1| + |2 — ¥2|.

The first three axioms are again trivial. To prove the triangle inequality, we have

dx,y) +d(y,z) = |v1 —y1| + |2 — y2| + |y1 — 21| + |y2 — 22
> Ty — 21| + |2 — 29|
= d(x, z),

using the triangle inequality for R.

Example (British railway metric). Let X = R?. We define

iyl x—y| ifx=ky
el m x| + |y| otherwise

To explain the name of this metric, think of Britain with London as the origin.
Since the railway system is stupid less than ideal, all trains go through London.




For example, if you want to go from Oxford to Cambridge (and obviously not
the other way round), you first go from Oxford to London, then London to
Cambridge. So the distance traveled is the distance from London to Oxford plus
the distance from London to Cambridge.

The exception is when the two destinations lie along the same line, in which
case, you can directly take the train from one to the other without going through

London, and hence the “if x = ky” clause.

Example (p-adic metric). Let p € Z be a prime number. We first define the
norm |n|, to be p~*, where k is the highest power of p that divides n. If n = 0,
we let |n|, = 0. For example, |20[, = |22 - 5|, = 272.

Now take X = Z, and let d,(a,b) = |a—b|,. The first three axioms are trivial,
and the triangle inequality can be proved by making some number-theoretical
arguments about divisibility.

This metric has rather interesting properties. With respect to d2, we have
1,2,4,8,16,32,--- — 0, while 1,2, 3,4, --- does not converge. We can also use it
to prove certain number-theoretical results, but we will not go into details here.

Example (Uniform metric). Let X = C]0,1] be the set of all continuous
functions on [0, 1]. Then define

d(f,g) = max |f(z)— g(z)|.

;I:E[U,l]

The maximum always exists since continuous functions on [0, 1] are bounded
and attain their bounds.

Now let F': C[0,1] — R be defined by F(f) = f(5). Then this is continuous

with respect to the uniform metric on C|0, 1| and the usual metric on R:
Let f, — f in the uniform metric. Then we have to show that F'(f,) — F'(f),
i.e. fn(3) — f(5). This is easy, since we have

0 < |F(fa) = F(D| = £a(3) - F(3)] < max|fu(e) - £(z)| = 0.
So |fn(%) - f(%)‘ — 0. So fn(%) — f(%)

Definition @M be a real vector space. A norm on V is a function
- || : V= R such that e
-1 . ¥ (ARREQELAREKE)

— |lv]| >0forall veV

— ||v|| = 0 if and only if v = 0.
= [IAv]l = [A[flv

= v+ wl < lv]l + [lw]].




Example. Let V = R". There are several possible norms we can define on R":

In general, we can define the norm

n 1/p
[v]lp = (z |”i|p) :
i=1

for any 1 < p < o0, and ||v||~ is the limit as p — oc.
Proof that these are indeed norms is left as an exercise for the reader (in the
example sheets).

Lemma. If || - || is a norm on V, then
d(v,w) = |[v—w]|

defines a metric on V.

(i) d(v,w) = ||[v — w|| > 0 by the definition of the norm.
(ii) d(v,w) =0& |[v—-w|=0&v-w=0&Vv=w.
(i) d(w,v) = [w —v]| = [(~1)(v = w)l| = | — 1[[[v — w|| = d(v, w).
(iv) d(u,v) +d(v,w) =||lu—v[ +|v—-w| > |u—w| =d(a,w). O

We’ll now define the inner product of a real vector space. This is a general-
ization of the notion of the “dot product”.

Definition (Inner product). Let V be a real vector space. An inner product on
V is a function (-, -) : V x V — R such that

(i
(i

(iii

v,v)>0forallveV
v,v) = 0 if and only if v = 0.

v,w) = (W, V).

) {
)
) {
) (

(iv) (vi+ Ave, W) = (V1, W) + A(va, W).

(i) Let V = R™. Then

TL

(v,w) = Z V;W;

=1

is an inner product.




(ii) Let V = C|0,1]. Then

= / ' f@)g(z) da

is an inner product.

We just showed that norms induce metrics. The proof was completely trivial
as the definitions were almost the same. Now we want to prove that inner
products induce norms. However, this is slightly less trivial. To do so, we need

the Cauchy-Schwarz inequality. ( [llensse e * induse'2)

Theorem (Cauchy-Schwarz inequality). If (-, -) is an inner product, then
(v,w)? < (v, v){w,w).
Proof. For any x, we have
(v +zw,v+2w) = (v,v) + 2z{v,w) + 2%(w, w) > 0.

Seen as a quadratic in z, smce it is always non-negatlve it can have at most one

_—
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(2(v,w))* —4(v,v)(w,w) < 0.
So the result follows. []

Lemma. If (-, -) is an inner product on V, then
vl = V{v,V)

1S a norm.

Proof.
1) ||v|| = v/ {v,v) > 0.

vl =0 (v.v)=0v=20.

)
(i) |Av] = v/OW, Av) = VA2V, v) = [Al[lv]]|.
)

(vl + wlD? = [Ivl? + 2(vl[wll + [[w]]?
> (v,v) +2(v,w) + (W, w)

= v+ w]’

Definition (Open and closed balls). Let (X,d) be a metric space. For any
re X, reR,
B(x) = {y € X : d(y,z) <1}

is the open ball centered at x.
By (z) ={y € X :d(y,x) <r}

is the closed ball centered at x.




Definition (Open subset). U C X is an open subset if for every x € U, 36 > 0
such that Bs(x) C U.
C' C X is a closed subset if X \ C' C X is open.

As if we’ve not emphasized this enough, this is a very wery important
definition.
We first prove that this is a sensible definition.

Lemma. The open ball B, (z) C X is an open subset, and the closed ball
B, (z) C X is a closed subset.

Proof. Given y € B, (), we must find § > 0 with Bs(y) C B, (z).

U2

Since y € B,(z), we must have a = d(y,z) < r. Let 6 = r —a > 0. Then if
z € Bs(y), then

d(z,z) <d(z,y)+dy,x) < (r—a)+a=r.

So z € By(x). So Bs(y) C B(z) as desired.
The second statement is equivalent to X \ B.(z) = {y € X : d(y,x) > r} is
open. The proof is very similar.

Definition (Open neighborhood). If x € X, an open neighborhood of x is an
open U C X with z € U.

Definition (Limit point). Let A C X. Then z € X is a limit point of A if there
is a sequence x,, — x such that z,, € A for all n.

Intuitively, a limit point is a point we can get arbitrarily close to.

(i) If @ € A, then a is a limit point of A, by taking the sequence a,a,a,a,---.
(ii) If A= (0,1) C R, then 0 is a limit point of A, e.g. take z,, = +.
(ili) Every z € R is a limit point of Q. And Hhis 1s Lowma’eﬁue IR CDedekind »

Proposition. C' C X is a closed subset if and only if every limit point of C is
an element of C'.
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Lemma. If U is an open neighbourhood of z and z,, — z, then 4N such that
r, € U for all n > N.

Proof. Since U is open, there exists some o > 0 such that Bs(z) C U. Since
T, — x, AN such that d(x,,z) < d for all n > N. This implies that z,, € Bs(x)
forallmn > N. Soz, € U forall n > N. ]

thare enists N st. 2m EX\C when n >N, which make o anhadiction.
(&) we oan prove the inverse negative proposition.
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Proposition (Characterization of continuity). Let (X, d,) and (Y, d,) be metric
spaces, and f : X — Y. The following conditions are equivalent:

(i) f is continuous
(ii) If z,, — z, then f(x,,) — f(z) (which is the definition of continuity)

)
)
(iii) For any closed subset C C Y, f~1(C) is closed in X.
(iv) For any open subset U C Y, f~'(U) is open in X.

)

(v) For any x € X and € > 0, 30 > 0 such that f(Bs(x)) C B.(f(x)).

Alternatively, d.(z,2) < d = d,(f(x), f(2)) < e.

The third and fourth condition can allow us to immediately decide if a subset
is open or closed in some cases.




Example. Let f: R®> — R be defined as

) 2
f(fb‘l,.l?g,lfg) = ’IZ'% + T%Ig + ilftf.’l?d

Then this is continuous. So {x € R”: f(x) < 1} = f~!((—o00,1]) is closed in R>.
Lemma.

(i) # and X are open subsets of X.

(i) Suppose V, C X is open for all « € A. Then U = U V. is open in X.
“eA A A

(iii) If V4,---,V, C X are open, then so is V = ﬂ Vi. ﬁﬁi%

=1
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Definition 6.1.5. A metric space is totally bounded if for any € > 0, we can cover
M with finitely many e-neighborhoods.

For example, if ¢ = 1/2, you can cover [0, 1]? by e-neighborhoods.

Example 6.1.7 (Examples of totally bounded spaces)
(a) A subset of R™ is bounded if and only if it is totally bounded.

This is for Euclidean geometry reasons: for example in R? if I can cover a set by
a single disk of radius 2, then I can certainly cover it by finitely many disks of
radius 1/2. (We won’t prove this rigorously.)

(b) So for example [0, 1] or [0,2] x [0, 3] is totally bounded.

(c) In contrast, a discrete space on an infinite set is not totally bounded.

8§6.2 Completeness

Prototypical example for this section: R is complete, but Q and (0,1) are not.

So far we can only talk about sequences converging if they have a limit. But consider

the sequence
1 =1, 29 =14, 29 =141, x4 = 1.414,....

It converges to v/2 in R, of course. But it fails to converge in Q; there is no rational
number this sequence converges to. And so somehow, if we didn’t know about the
existence of R, we would have no idea that the sequence (x,,) is “approaching” something.

That seems to be a shame. Let’s set up a new definition to describe these sequences
whose terms get close to each other, even if they don’t approach any particular point
in the space. Thus, we only want to mention the given points in the definition.

Definition 6.2.1. Let z1,x2,... be a sequence which lives in a metric space M =
(M, dpr). We say the sequence is Cauchy if for any € > 0, we have

dM(:ij .’I:n) < B

for all sufficiently large m and n.




Question 6.2.2. Show that a sequence which converges is automatically Cauchy. (Draw a
picture.)

ABEX, ANEN, VnsN , dex.xn) <545
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Definition 6.2.3. A metric space M is complete if every Cauchy sequence converges.

Example 6.2.4 (Examples of complete spaces)

(a) R is complete. (Depending on your definition of R, this either follows by definition,
or requires some work. We won’t go through this here.)

(b) The discrete space is complete, as the only Cauchy sequences are eventually
constant.

(¢c) The closed interval [0, 1] is complete.

(d) R" is complete as well. (You're welcome to prove this by induction on n.)

Example 6.2.5 (Non-examples of complete spaces)

(a) The rationals Q are not complete.

(b) The open interval (0, 1) is not complete, as the sequence 0.9, 0.99, 0.999, 0.9999,
...1is Cauchy but does not converge.
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