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1.2.4. Example: abelian groups. The abelian groups, along with group homomor-
phisms, form a category Ab.

1.2.5. Important Example: Modules over a ring. If A is a ring, then the A-modules
form a category Mod . (This category has additional structure; it will be the pro-
totypical example of an abelian category, see §1.6.) Taking A = k, we obtain Exam-
ple 1.2.3; taking A = Z, we obtain Example 1.2.4.

1.2.6. Example: rings. There is a category Rings, where the objects are rings, and
the morphisms are maps of rings in the usual sense (maps of sets which respect
addition and multiplication, and which send 1 to 1 by our conventions, §0.3).

1.2.7. Example: topological spaces. The topological spaces, along with continuous
maps, form a category Top. The isomorphisms are homeomorphisms.

1.2.8. Example: partially ordered sets. A partially ordered set, (or poset), is a set S
along with a binary relation > on S satisfying:

(1) x > x (reflexivity),
(ii) x > yandy > zimply x > z (transitivity), and
(iii) if x > y and y > x then x =y (antisymmetry).
A partially ordered set (S,>) can be interpreted as a category whose objects are
the elements of S, and with a single morphism from x to y if and only if x > y (and
no morphism otherwise).
A trivial example is (S, >) where x > y if and only if x = y. Another example
is

(1.2.8.1)
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Here there are three objects. The identity morphisms are omitted for convenience,
and the two non-identity morphisms are depicted. A third example is

(1.2.8.2)
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Here the “obvious” morphisms are again omitted: the identity morphisms, and
the morphism from the upper left to the lower right. Similarly,

depicts a partially ordered set, where again, only the “generating morphisms” are
depicted.




1.2.9. Example: the category of subsets of a set, and the category of open subsets of a topo-
logical space. If X is a set, then the subsets form a partially ordered set, where the
order is given by inclusion. Informally, if U C V, then we have exactly one mor-
phism U — V in the category (and otherwise none). Similarly, if X is a topological
space, then the open sets form a partially ordered set, where the order is given by
inclusion.

1.2.10. Definition. A subcategory </ of a category % has as its objects some of the
objects of %, and some of the morphisms, such that the morphisms of .7 include
the identity morphisms of the objects of &7, and are closed under composition.
(For example, (1.2.8.1) is in an obvious way a subcategory of (1.2.8.2). Also, we
have an obvious “inclusion functor” i: &/ — £.)

Definition 1.2. A functor
F:C—D

between categories C and D is a mapping of objects to objects and arrows
to arrows, in such a way that

(a) F(f:A— B)=F(f): F(A) — F(B),

(b) F(14) = 1r(a),

(c) F(go f)=F(g)oF(f).
That is, F' preserves domains and codomains, identity arrows, and com-

postion. A functor F' : C — D thus gives a sort of “picture”—perhaps
distorted—of C in D.

A / » B
C ¢
\ !
C

F
F(B)

\ F
s

" ey 1O




1.2.12. Example: a forgetful functor. ~Consider the functor from the category of
vector spaces (over a field k) Vecy to Sets, that associates to each vector space its
underlying set. The functor sends a linear transformation to its underlying map of
sets. This is an example of a forgetful functor, where some additional structure is
forgotten. Another example of a forgetful functor is Moda — Ab from A-modules
to abelian groups, remembering only the abelian group structure of the A-module.

1.2.13. Topological examples. ~Examples of covariant functors include the funda-
mental group functor 717, which sends a topological space X with choice of a point
xo € X to a group 7 (X, xo) (What are the objects and morphisms of the source cat-
egory?), and the ith homology functor Top — Ab, which sends a topological space
X to its ith homology group H;(X,Z). The covariance corresponds to the fact that
a (continuous) morphism of pointed topological spaces ¢: X — Y with ¢(xo) = yo
induces a map of fundamental groups 71 (X,xo) — m1(Y,yo), and similarly for
homology groups. LR){E 844 444 -k -ika >
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§57.1 Spheres

Recall that
S = {(.T,'(], ey Ty) | T{Q) +e s = ]} c R+

is the surface of an n-sphere while
1 2 2 1
Dl = {(."}T(], ey Tn) | To+---+x, < 1} c R

is the corresponding closed ball (So for example, D? is a disk in a plane while S! is the
unit circle.)

I Exercise 57.1.1. Show that the open ball D™\ S™"~! is homeomorphic to R™.

In particular, S” consists of two points, while D! can be thought of as the interval

~1,1].
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X ={a,b,c,d,e}, Y ={g,h,i,j, k},

T =1{X,9,{a},{c,d},{a,c,d},{b,c,d,e}},
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(i) fR——8(Fpd f(21) = f2) A1 = 22 Z),

(ii) fRE Log(BpatiEiTy € Y, Ahr € X443 f(x) =y),
(iii) #HHEAU €, f[L(U)eT, B
(iv) HEAV €1, f(V)en.
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(Y, 7).
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§57.2 Quotient topology

Prototypical example for this section: D*/S"~1 = 8™, or the torus.

Given a space X, we can identify some of the points together by any equivalence
relation ~; for an € X we denote its equivalence class by [z]. Geometrically, this is the
space achieved by welding together points equivalent under ~.

Formally,

Definition 57.2.1. Let X be a topological space, and ~ an equivalence relation on the
points of X. Then X/~ is the space whose

e Points are equivalence classes of X, and
e U C X/~ is open if and only if {z € X such that [x] € U} is open in X.

As far as I can tell, this definition is mostly useless for intuition, so here are some
examples.
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