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We first seek the Newtonian gravitational potential of a rectangular solid of uniform
density p with Newton’s universal gravitational constant G. We suppose the rectangular
solid has a length L, breadth B and depth D, centered on the origin, then we have the

potential
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where we made the substitution, x = 2’ — X, y = ¢ — Y and z = 2/ — Z, and completed

the integral over the z coordinate. Next, integrating over the y variable, and using r =

Vo2 + y? + 22, we find
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and with the integral over z, we achieve our final result
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for the gravitational potential of a cuboid mass, where v = z1z923. The pairs of log and
arctan terms combine to produce the expected falloff in gravitational potential at large

distances. For example, for a 2 x 2 x 2m? cube, with Gp =1, as z — oo, yzln(x +7r) —

—‘”23 arctan £ — —=, as expected for a point source. o BpAd) 7‘)'10'? f&d@#‘b{)
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B. A lake on the face of a cube

In order to reveal the equipotentials around|this object, we can imagine a very low density

<)§}f<fé\%fiw)%ﬁﬂ‘o‘n*&*}%ﬂ‘a

fluid being added to a face of a 2 x 2 x 2 cube. "We specify a very low density fluid in order
not to modify the existing field, and by plotting Eq. (3), at a constant potential we find a
lake as shown in Fig. 1. A perfect circle is shown for comparison, and we can see how the

water is dragged up towards the corners.
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FIG. 1: A lake formed on the surface of a cube. As expected, the edge of the lake is ‘pulled up’

towards the corners, due to the extra mass present there, but forming a nearly spherical surface.
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If we keep adding the fluid until the edge of the cube is reached, we would have a depth

of 0.3346 units over the face, compared to v/2 — 1 = 0.4142 for a spherical surface. If we
continue to add fluid until the corners are covered, we would then have a depth of 0.6389

units, above the center of the face, compared to v/3 — 1 = 0.7321 for a spherical surface.




We calculate the gravitational field vectors from

. oV ov oV
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The field vector in the x direction g, = —%—Z, can be deduced from Eq. (2), before the last

()

integral is calculated, and hence by the fundamental theorem of calculus we find

yZ} Dj—X;

3
gy = Gp; [y In(z+r)+ zIn(y+r) — xarctan o) pyox, (6)

and from symmetry we can also easily deduce the field strengths in the y and z directions,

giving the field strength vector g = Zf:l gi€;, where
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for distinct 7, j, k, where e; are the unit vectors for the z,y, 2 coordinate system.
If we look at the changing direction of the field as we move across a face, then we observe
that the field vector only points towards the center of the cube at the center of each face,

at the corners, and at the center of %ch edge, which (;ould also be deduced by symmetry
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D. Orbits around the cube

Could a moon or satellite, orbit this cubic planet? We notice that there is slightly greater
gravitational force of attraction over the corners of the cube, and hence an orbiting satellite

would significantly couple with the spin of the cube, refer Fig. 3.




If we assume a satellite orbit around the faces and the centre of the edges we can reduce

the orbit to the plane, and so need to solve the orbital equations

j:g:ra y:gya (8)

refer Eq. (7).
Solving this equation numerically for the specific case, of a satellite orbiting a cube with
a side length equal to the diameter of the earth, with an initial height of three earth radii

moving in the X direction as shown in Fig. 4, with a velocity of 3.63 km/s.

We find an orbital period of approximately 4.8 hours, and due to the interaction over
the corners, the orbit is distorted from a perfect ellipse, creating a fairly rapid precession

as shown by the counterclockwise precession of the successive apogees in Fig. 4. The orbit
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FIG. 3: The equipotential around the equator of the cube. We notice how the field is slightly
stronger over the corners, indicated by the equipotential being shifted outwards compared to a
perfect circle. When comparing the gravitational potential of a cube to a sphere of the same
mass, because the sphere is a more compact object we find a deeper potential well, though the two

potentials converge at larger distances as expected.
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function [Y, t] = odeRK4(f, tspan, Y0, Nt)
Nvar = numel(Y0); % HZTSHIH

dt = (tspan(2) - tspan(1l)) / (Nt-1); % IrEHK
Y = zeros(Nvar, Nt); % #lKE

Y(:, 1) =Y0(:); % #/&

t = linspace(tspan(1l), tspan(2), Nt);

for ii=1:Nt-1
KI = f(Y(:;1il) ) Vs
K2 = f(Y(:,11)+K1l*dt/2 , t(ii)+dt/2 );
K3 = f(Y(:,11)+K2*dt/2 , t(ii)+dt/2 );
K4 = f(Y(:,11)+K3*dt , t(iil)+dt Js
Y(:,1141) = Y(:,11) + dt/6 * (K1+2*K2+2*K3+K4);
end
end
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gi = sz {:I:jln(:rjk—i—r) + zIn (x; + 1)
b=1

function keplerRK4

GM = 1; % BHES5/7
x0 =1; y0 = 0; %

vx0 = 0; vy0 = 0.7;
tspan = [0; 4]; % &F
Nt = 100; % ##

YO = [x0; y0; vx0; vy0]; & HLTEE
f =@y, t)fun(Y, t, GM);
[Y,~] = odeRK4(f, tspan, YO, Nt);

figure; hold on;
plot CY () Y (2505
scatter(0, 0);

axis equal;

end

function Y1 = fun(Y, ~, GM)

v
— x; arctan ——
rir
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x = Y(1); y = Y(2);

vx = Y(3); vy = Y(4);

Y1l = zeros(4,1); % FilEfE
Y1(1l) = vx;

Y1(2) = vy;

temp = -GM /(x"2 + y"2)"(3/2); zg:‘)ﬁs,:‘i@ﬁiﬁﬁ&ﬁﬁs@

Y1(3) = temp * Xx;
Y1(4) = temp * y;
end
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FIG. 5: Following from the previous figure except that the eentral cube is now rotating with a 24

hour day, in conjunction with the 4.8 hour satellite orbit. Both rotations are clockwise, but the

irregular perturbation of the satellite by the cube creating a continually varying trajectory.
FIG. 4: A satellite orbiting around the equator of a cube with a side length equal to the diameter
of the earth. Beginning with an satellite orbital radius of three earth radii and a velocity of 3.63
km/s, we find a period of approximately 4.8 hours, but with an orbit that precesses fairly rapidly,

as shown by the counterclockwise movement of successive apogees.
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