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Example 60.2.8 (Posets are categories)

Let P be a partially ordered set. We can construct a category P for it as follows:
e The objects of P are going to be the elements of P.

e The arrows of P are defined as follows:
— For every object p € P, we add an identity arrow id,, and
— For any pair of distinct objects p < ¢, we add a single arrow p — g.

There are no other arrows.

e There’s only one way to do the composition. What is it?
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For example, for the poset P on four objects {a,b,c,d} with a < b and a < ¢ < d, we get:

id,
a
a<b a<c
idy, a<d id,.
c<d
idg d

This illustrates the point that

The arrows of a category can be totally different from functions.

Definition 60.2.5. An arrow A; i% As is an isomorphism if there exists As ER A
such that fog =1ida, and go f =ida,. In that case we say A; and As are isomorphic,
hence A; = A,.




I Question 60.2.9. Check that no two distinct objects of a poset are isomorphic.

OL v':ously,

Example 60.2.10 (Important: groups are one-Object categories)

A group G can be interpreted as a category G with one object %, all of whose arrows
are isomorphisms.

1 =id,

g2 g4

g3

As [Le14] says:

The first time you meet the idea that a group is a kind of category, it's
tempting to dismiss it as a coincidence or a trick. It's not: there’s real
content. To see this, suppose your education had been shuffled and you
took a course on category theory before ever learning what a group was.
Someone comes to you and says:

“There are these structures called ‘groups’, and the idea is this: a group
is what you get when you collect together all the symmetries of a given
thing.”

“What do you mean by a ‘symmetry’?” vou ask.

“Well, a symmetry of an object X is a way of transforming X or mapping
X into itself, in an invertible way.”

“Oh,” you reply, “that’s a special case of an idea I've met before. A category
is the structure formed by lots of objects and mappings between them
— not necessarily invertible. A group’s just the very special case where
you've only got one object, and all the maps happen to be invertible.”
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Yes, you can. Define a category M with just one formal object say
ob(M) = {X}. Let G be a group. Define Mor(X, X) = underlying
set of G, and composition of morphisms in Mor(X, X) by the binary
operation on GG. The identity morphism on X is just the identity
element in G. Then you can verify that all axioms of a category are
satisfied by M. Since each element in ¢ has an inverse, note,
moreover, that every element in Mor(X, X) is an isomorphism. In
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Of course, we can define products of more than just one object. Consider a set of
objects (X;)ics in a category A. We define a cone on the X; to be an object A with
some “projection” maps to each X;. Then the product is a cone P which is “universal”
in the same sense as before: given any other cone A there is a unique map A — P making
the diagram commute. In short, a product is a “universal cone”.

The picture of this is \
p cone 4A & £Rvha it

X1 Xo

See also Problem 60C.
One can also do the dual construction to get a coproduct: given X and Y, it’s the
object X +Y together with maps X =5 X +Y and Y 25 X +V (that’s Greek iota,

think inclusion) such that for any object A and maps X 5 AY ", A there is a unique
f for which
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I Exercise 60.4.7. Describe the coproduct in Set.

Predictable terminology: a coproduct is a universal cocone.
Spoiler alert later on: this construction can be generalized vastly to so-called “limits”,

and we’ll do so later on.
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The disjoint union of two sets 4 and B is a binary operator that combines all distinct elements of

a pair of given sets, while retaining the original set membership as a distinguishing characteristic
of the union set. The disjoint union is denoted

AU B=Ax{0DUBx{1)=4UB", (1)

where 4 x S is a Cartesian product. For example, the disjoint union of sets 4 = {1, 2, 3, 4, 5} and
B =1{1, 2, 3, 4} can be computed by finding

A*={(1, 0), (2, 0), (3, 0), (4, 0), (5, 0)} (2)
B ={(1, 1), (2, 1), (3, 1), 4, 1)}, (3)

SO
AU B=A"UB" (4)
={(1,0), (2,0), (3, 0), 4, 0),(5,0), (1, 1), (2, 1), 3, 1), 4, D}. (5)

The notion of “injective” doesn’t make sense in an arbitrary category since arrows need
not be functions. The correct categorical notion is:

Definition 60.5.1. A map X 4, ¥ is monic (or a monomorphism) if for any commuta-
tive diagram
g
A—sx L.y

h

we must have g = h. In other words, fog= foh = g =h.

Definition 60.5.6. A map X Iy is epic (or an epimorphism) if for any commutative
diagram

X—fle:g:A

h

we must have g = h. In other words, go f =ho f = g = h.

This is kind of like surjectivity, although it’s a little farther than last time. Note that
In concrete categories, surjective =—> epic.




