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Given a finite set S and integer k > 0, let (f) denote the set of k-element subsets
of §. A multiset may be regarded, somewhat informally, as a set with repeated
elements, suchas {1,1,3,4,4,4,6,6}. We are only concerned with how many times
each element occurs and not on any ordering of the elements. Thus for instance
12,1,2,4,1,2} and {1,1,2,2,2,4} are the same multiset: they each contain two
1’s, three 2’s, and one 4 (and no other elements). We say that a multiset M 1s on a
set § 1f every element of M belongs to §. Thus the multiset in the example above 1s

onthe set S = {1, 3,4, 6} and also on any set containing S. Let (( f )) denote the set
of k-element multisets on §. For instance, if § = {1, 2, 3} then (using abbreviated

notation),
S S
2 =12 13238 5 = 111,22,33,12,13,23}

We now define what is meant by a graph. Intuitively, graphs have vertices and
edges, where each edge “connects” two vertices (which may be the same). It 1s
possible for two different edges e and e’ to connect the same two vertices. We want
to be able to distinguish between these two edges, necessitating the following more
precise definition. A (finite) graph G consists of a vertex set V = {vy,...,v,} and

edge set E = {ey, ..., e,}, together with a function ¢: £ — (( ‘2/ )) We think that if

@(e) = uv (short for {u, v}), then e connects u and v or equivalently e is incident to
u and v. If there is at least one edge incident to u and v then we say that the vertices
u and v are adjacent. If ¢(e) = vv, then we call e a loop at v. If several edges
e1,...,ej (j > 1) satisty ¢(e1) = --- = ¢(e;) = uv, then we say that there is a
multiple edge between u and v. A graph without loops or multiple edges is called
simple. In this case we can think of E as just a subset of (g) [why?].{)

The adjacency matrix of the graph G is the p x p matrix A = A(G), over
the field of complex numbers, whose (i, j)-entry a;; is equal to the number of
edges incident to v; and v;. Thus A is a real symmetric matrix (and hence has
real eigenvalues) whose trace 1s the number of loops in G. For instance, if G 1s the

graph l
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A walk in G of length € from vertex u to vertex v is a sequence vy, €1, V2, €2, ...,
Ve, €g, Ve such that:

e Eachv; 1s a vertex of G.

* Eache; isanedge of G.

e The vertices of ¢; are v; and v; 41, for 1 <i <.
| = u and Vi41 — V.

1.1 Theorem. For any integer { > 1, the (i, j)-entry of the matriis equal

to the number of walks from v; to v; in G of length L.

Proof. This 1s an immediate consequence of the definition of matrix multiplication.
Let A = (a;;). The (i, j)-entry of A(G)" is given by

¢
(A(G))ij = ) @i @iy -+ aiy_,
L/\_,WN—'\"_‘
where the sum ranges over all sequences (iy,...,i¢g—;) with 1 < i < p. But
since a,, 1s the number of edges between v, and vy, it follows that the summand
aij i, i, ***aj,_, j 1n the above sum 1s just the number (which may be 0) of walks of
length £ from v; to v; of the form

(since there are a;;, choices for ey, a;,;, choices for e,, etc.) Hence summing over
all (iy,...,i¢—1) just gives the total number of walks of length £ from v; to v;, as
desired. ]




