The Reparameterization Trick
and Auto-Encoding Variational
Bayes

§1.1 The gradient problem

The ELBO for one data point is

L0, ¢;2) = Ey, (212) [log po(z | 2)] — Dxr(gs(2 | 2)[[p(2)).

For the diagonal Gaussian encoder and standard Gaussian prior, the KL term has a
closed form. The difficult part is the expectation

Ezwqd)(z\x) [1Og pg(.’E ‘ Z)] :

We need gradients with respect to both 8 and ¢:

v9,¢]Ez~q¢ (z]x) [lOg Pe (‘7: ‘ Z)] :

The subtlety is that ¢ controls the distribution from which z is sampled. The sample z
is random, but its randomness depends on the encoder parameters.

The reparameterization trick is the mathematical device that turns this stochastic
node into a differentiable transformation of parameter-free noise.

§1.2 Score-function estimator and pathwise estimator

There is a general identity for differentiating expectations:

VEq, ([ (2)] = B, 2)[f(2) Vg log gs(2)]-

This is often called a score-function estimator. It is very general because it does not
require z to be a differentiable function of ¢. But it often has high variance.
The reparameterization trick uses a more geometric idea. Instead of sampling

2z~ qy(z | ),

write
z=gp(e,x),  e~ple),
where the noise distribution p(e) does not depend on ¢.
Then
Ez~q¢(z|x) [f(Z)] = IE:ervp(e) [f(g¢(6a ZL‘))]
Now the parameters appear inside an ordinary differentiable function. Gradients can
pass through gg.



2 INM, by Runnel Zhang (INM single-note draft 2026-07-06)

§1.3 Gaussian reparameterization
For the standard VAE encoder,
66(2 | &) = N(z; pg (), diag(o3 (2)))-
A sample from this distribution can be written as
2 = pig(x) + op(x) O, e ~N(0,1).

Here © denotes coordinatewise multiplication.
Thus
Ez~q¢(z|az) [logpg(:v | Z)]

=Ecno,1) logpo( | pig(z) +og(z) ©€)].
The distribution of € is fixed. The dependence on ¢ is now inside py and o4, so ordinary

backpropagation can be used.
The trick is not a heuristic. It is a change of variables in the sampling procedure.

§1.4 The stochastic ELBO estimator
With L samples eV, ... el ~ N(0,1), define
2 = pg(a) + gg(z) © ).

Then the Monte Carlo estimator of the ELBO is
N 1 L
L0, ¢:2) = + > logpe(x | 219) — Dkw(gs(z | @)llp(2)).
=1

For minibatches, the dataset objective is approximated by averaging this quantity over
the examples in the minibatch.

The original AEVB method is therefore a stochastic-gradient method for maximizing
a variational lower bound. The randomness is not removed; it is organized so that
differentiation is possible.

§1.5 Why implementations output log variance
Mathematically, the encoder needs o4(x) > 0. In practice, one often outputs

log ag (x)
instead of o4 (x) directly. If
ly(x) = logoj(x),
then )
og(x) = exp (2€¢(x)> .
This automatically keeps the standard deviation positive.
The Gaussian KL then becomes

d

Z(,uj—i—exp —1—@).

M\H

Dxu.(qllp) =

This is the same formula as before, written in terms of log variance.
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§1.6 Training as ELBO maximization

The mathematical training loop is:

encoder: x = pg(x), log 0'(;25($),

noise: e ~N(0,1),

latent sample: z = pg(x) + 04(z) Ok,
decoder: z — parameters of pyp(z | z),
objective: maximize 2(9, o; ).

If one minimizes a loss instead, the loss is the negative ELBO:

PO
—L =+ > logpy(a | 2)) + Dy (a0(= | 2)p(2)).
/=1

The first term depends on the decoder likelihood. The second term is analytic for the
standard Gaussian encoder.

§1.7 Decoder likelihoods and reconstruction losses
For binary data, a Bernoulli decoder gives
po(w | 2) = [[mi(2)™ (1 — mi(2))' ~™.
i
The negative log-likelihood is

—logpg(x | 2) = — Z [x;logmi(2) + (1 — x;) log(1 — mi(2))] .
i
This is binary cross entropy.
For real-valued data, a Gaussian decoder with fixed variance gives
po(x | 2) = N (z; po(2), 0°I).
Then )
—logpy(x | 2) = ﬁﬂx — pg(2)|* + constant.
This is squared error up to scaling and constants.

Thus the word “reconstruction loss” hides a probabilistic choice. Different likelihood
models produce different reconstruction terms.

§1.8 Generation after training

After learning 6, generation follows the model direction, not the inference direction:
z ~ p(2), x ~py(x | 2).

If the decoder likelihood is Gaussian, one may sample z from that Gaussian or use its
mean as a representative output. If the decoder likelihood is Bernoulli, one samples
binary coordinates or uses probabilities for visualization.

Latent interpolation uses points such as

2zt = (1 —t)20 + t21, 0<t<1.

This often produces visually smooth transitions, but it is not a theorem that every
linear path in latent space is semantically meaningful. It works when the learned latent
geometry is reasonably aligned with the prior and decoder.
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§1.9 Empirical marginal likelihood curves

The original experiments compared AEVB with older methods by plotting marginal log-
likelihood estimates. The figure is included not as the main point of the theory, but as
a reminder that the ELBO machinery was designed to make likelihood-based generative
modeling trainable.
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Figure 1.1: Marginal log-likelihood curves in the AEVB experiments.

The mathematical object behind these curves is still the same:

logpg(x) = L(0, ¢; ) + Dkr(qe(z | 2)|lpe(z | x)).

Training improves a tractable stochastic estimate of £, and the hope is that this also
improves the marginal likelihood.

§1.10 Limitations and extensions

Several limitations are already visible from the mathematics.

First, the posterior family may be too simple. A diagonal Gaussian cannot capture
all posterior shapes. Normalizing flows enrich gg4(z | ) by transforming a simple base
distribution through invertible maps.

Second, the prior may be too simple. The standard normal prior is convenient, but
the aggregated posterior may have more complicated geometry.

Third, posterior collapse may occur. If the decoder is too expressive, the model may
learn

qp(z | 2) = p(2),
so that z carries little information about x. Then the KL term is small, but the latent
representation is weak.

Fourth, the usual ELBO uses one particular weighting between reconstruction and
KL. Variants such as 8-VAE modify the objective:

Eqllogpe(x | 2)] = BDkw(gs(2 | 2)llp(2)).

This changes the rate—distortion tradeoff and can encourage more disentangled latent
coordinates, though not automatically.
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§1.11 How the pieces fit

The VAE becomes trainable because the stochastic latent sample is rewritten as
2 = pig(x) + op(x) O¢, e ~N(0,1).

This makes the expectation differentiable with respect to the encoder parameters:

Ezrqu,(z\a:) [f(Z)] = IEEEN/\/'(O,I) [f(lM)(x) + O'¢(.13) © 6)]
The full mathematical chain is now visible:

latent variable model p(z)pg(x | z)
4

intractable posterior py(z | x)

4

variational approximation gy (z | )

|2
ELBO lower bound

4

reparameterized stochastic gradients.

This is why the VAE is more than an autoencoder with noise. It is a method for
turning approximate Bayesian inference in a latent variable model into differentiable
optimization.
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