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2. Polynomials are also vectors; see Figure 2.1(b): Two polynomials can

Figure 2.1

Different types of
vectors. Vectors can
be surprising
objects, including
(a) geometric
vectors

and (b) polynomials.

(a) Geometric vectors. (b) Polynomials.
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3. Audio signals are vectors. Audio signals are represented as a series of
numbers. We can add audio signals together, and their sum is a new
audio signal. If we scale an audio signal, we also obtain an audio signal.
Therefore, audio signals are a type of vector, too.

2.3.3 The Minus-1 Trick

In the following, we introduce a practical trick for reading out the solu-
tions & of a homogeneous system of linear equations Ax = 0, where
A = ]ka-n x € R".

To start, we assume that A is in reduced row-echelon form without any
rows that just contain zeros, i.e.,

: - 00 --- 0 1 % --- x%
A= 0
: 0
0 0 0 O 0O 0 O 0 1 % --- % |
(2.51)

where *x can be an arbitrary real number, with the constraints that the first
nonzero entry per row must be 1 and all other entries in the corresponding
column must be 0. The columns 7,,..., 7. with the pivots (marked in

bold) are the standard unit vectors ey, ..., e, € R”*. We extend this matrix
to an n X n-matrix A by adding n — k£ rows of the form

0 -~ 0 =1 0 --- 0] (2.52)

so that the diagonal of the augmented matrix A contains either 1 or —1.




the homogeneous equation system Ax = 0. To be more precise, these
columns form a basis (Section 2.6.1) of the solution space of Ax = 0,

which we will later call the kernel or null space (see Section 2.7.3). kernel
null space

Example 2.8 (Minus-1 Trick)
Let us revisit the matrix in (2.49), which is already in reduced REF:

3 00 3
U 1 O 9] . [ 2.53)
0 01 —4

A=

o O =

We now augment this matrix to a 5 x 5 matrix by adding rows of the
form (2.52) at the places where the pivots on the diagonal are missing
and obtain

1 3 00 3°

0 =100 o0

A=|0 0 10 9. (2.54)
0 0 0 1 —4
0 0 00 —1

From this form, we can immediately read out the solutions of Az = 0 by
taking the columns of A, which contain —1 on the diagonal:

i "3

1 0
zeR:2=X10|+X19], X.22€R)}., (2.55)

0 4

_0_ __1_

which is identical to the solution in (2.50) that we obtained by “insight”.
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Definition 2.15 (Linear Mapping). For vector spaces V, W, a mapping
® : V — W is called a linear mapping (or vector space homomorphism/
linear transformation) if

Ve, y e VYV € R: Az + Yy) = A®(x) + vP(y) . (2.87)

It turns out that we can represent linear mappings as matrices (Sec-
tion 2.7.1). Recall that we can also collect a set of vectors as columns of a
matrix. When working with matrices, we have to keep in mind what the
matrix represents: a linear mapping or a collection of vectors. We will see
more about linear mappings in Chapter 4. Before we continue, we will
briefly introduce special mappings.




With these definitions, we introduce the following special cases of linear
mappings between vector spaces V' and W:

= [somorphism: ® : V — W linear and bijective 143

= Endomorphism: ® : V — V linear HIAE

= Automorphism: ® : V' — V linear and bijective‘élﬂm

= We define idy : V — V, x — « as the identity mapping or identity
automorphism in V.

Example 2.19 (Homomorphism) 2 4
The mapping ® : R? — C, ®(x) = z, + ix,, is a hom%lrflror:)hism:

N"-—.\_____

? ([:ﬁ] o [yID = (21 + 1) +i(z2 + y2) = T + 122 + Yy + 1Yo

T el ()
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)
This also justifies why complex numbers can be represented as tuples in
R?: There is a bijective linear mapping that converts the elementwise addi-
tion of tuples in IR? into the set of complex numbers with the correspond-
ing addition. Note that we only showed linearity, but not the bijection.
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Theorem 2.17 (Theorem 3.59 in Axler (2015)). Finite-dimensional vector

spaces V and W are isomorphic if and only if dim(V)

2.7.2 Basis Change

= dim(W).

In the following, we will have a closer look at how transformation matrices
of a linear mapping ® : V' — W change if we change the bases in V' and

W . Consider two ordered bases

B:(bla"-ab?a): B:(blﬂ" 15“)
of V and two ordered bases
Cz(ch“*vcm)r éz(élém)

(2.98)

(2.99)

of W. Moreover, A; € R™*" is the transformation matrix of the linear
mapping ® : V — W with respect to the bases B and (', and Aq) € R™*"
is the corresponding transformation mapping with respect to B and C.
In the following, we will investigate how A and A are related, i.e., how/
whether we can transform A, into Ay if we choose to perform a basis

change from B, C to B, C.




Theorem 2.20 (Basis Change). For a linear mapping ® : V — W, ordered
bases

B = (by,...,b,), B=(by,..

o~

) (2.103)
of V and

il

C=(c,....cp), C=(&...,¢&,) (2.104)

of W, and a transformation matrix Ag of ® with respect to B and C, the

corresponding transformation matrix A with respect to the bases B and C
is given as

Az =T 'AsS. (2.105)

Here, S € R"*" is the transformation matrix of idy that maps coordinates
with respect to B onto coordinates with respect to B, and T' € R™*™ is the

transformation matrix of idy that maps coordinates with respect to C onto
coordinates with respect to (.
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~ Theorem 2.20 tells us that with a basis change in V' (B is replaced with
B) and W (C is replaced with (), the transformation matrix :4(;, of a
linear mapping ® : V' — W is replaced by an equivalent matrix A4 with

Az =T 1AsS. (2.113)

Figure 2.11 illustrates this relation: Consider a homomorphism ¢ : V' —
W and ordered bases B, B of V and C, C of W. The mapping ® 5 is an
instantiation of ® and maps basis vectors of B onto linear combinations
of basis vectors of C'. Assume that we know the transformation matrix Ag
of ®-p with respect to the ordered bases B, C'. When we perform a basis
change from B to B in V and from C to C in W, we can determine the

corresponding transformation matrix A as follows: First, we find the ma-
trix representation of the linear mapping V5 : V' — V that maps coordi-
nates with respect to the new basis B onto the (unique) coordinates with




respect to the “old” basis B (in V). Then, we use the transformation ma-
trix Ag of ®-p : V — W to map these coordinates onto the coordinates
with respect to C' in W. Finally, we use a linear mapping Z/ : W — W
to map the coordinates with respect to C' onto coordinates with respect to
C. Therefore, we can express the linear mapping P~ as a composition of
linear mappings that involve the “old” basis:

—

‘:‘C(”;'O(I)CBO\I}BE;“ (2114)

Pep =EgcoPopoVpp =

Concretely, we use ¥V ;5 = idy and =, = idy, i.e., the identity mappings
that map vectors onto themselves, but with respect to a different basis.

Definition 2.21 (Equivalence). Two matrices A, A € R™*" are equivalent
if there exist regular matrices S € R"*" and T' € R™*™, such that
A=T 'AS.

Definition 2.22 (Similarity). Two matrices A, A € R™*" are similar if
there exists a regular matrix § € R"*" with A = §™'AS
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Definition 2.23 (Image and Kernel).
For @ : V — W, we define the kernel/null space

ker(®) : =@ ' (Ow)={v eV :®(v) =0y} (2.122)
and the image/range
Im(®) :=P(V)={weW|dveV:®d(v)=w}. (2.123)
We also call V' and W also the domain and codomain of ®, respectively.

Intuitively, the kernel is the set of vectors v € V' that ® maps onto the
neutral element Oy, € W. The image is the set of vectors w € W that

can be “reached” by ® from any vector in V. An illustration is given in
Figure 2.12.

Remark. Consider a linear mapping ® : V' — W, where V., W are vector
spaces.

= It always holds that ®(0y,) = Oy and, therefore, 0,y € ker(®). In
particular, the null space is never empty.

= Im(P) C W is a subspace of W, and ker(®) C V is a subspace of V.
O:V > W
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= d is injective (one-to-one) if and only if ker(®) = {0}. %P3
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