A Problem-Solving Guide for
Multivariable Limits and Local
Geometry

§1.1 Purpose of this guide

This note is a compact problem-solving companion to the previous multivariable calculus
notes. It should not replace the definitions. Its job is to say what to try first, what each
method proves, and where each method fails.

§1.2 Classifying points relative to a set

For a set G C R", classify a point P by inspecting small balls around it:

classification ‘ ball test
interior Ir >0, B.(P)CG
exterior Ir>0, B/(P)NG =0

boundary |Vr >0, B,(P)NG # & and B, (P)NG® # &

Example 1.2.1

For
G={(z,y):0<z?+¢% <1},

the origin is not in G, but it is a boundary point. Every ball around the origin
contains points with 0 < z? 4+ 42 < 1, and also contains the origin itself, which lies
outside G.

§1.3 Limit templates
To prove a limit at the origin, try to convert the expression into polar form
x =rcosé, y =rsinf.

If the expression becomes
rg(0)
where o > 0 and g is bounded, then the limit is 0.
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Example 1.3.1

For
2

_ Y
f(xay) - $2+y27
we have
f(rcos@,rsinf) = rcos® §sin 6.

Since | cos? §sin §] < 1, the limit is 0.

To disprove a limit, find paths giving different values. The common path choices are:

y=0, =0, y=mz, y:xQ, :L‘:yQ.

Caution

Path testing can disprove a limit, but it usually cannot prove one. Even checking
every straight line is not enough, because a curved path may still detect different
behavior.

§1.4 Degree comparison for rational expressions

For rational expressions near the origin, compare the lowest total degrees of numerator
and denominator only after checking whether the denominator is comparable to a power
of r. The estimate

2?42 = 2
is reliable. The expression z* + y2, however, is anisotropic: along y = 22, the two terms
have the same size.

Example 1.4.1

The function )

_ Ty
f(xay) - 134 +y2
looks as if the numerator has degree 3 and the denominator has degree 2, but the
denominator changes scale depending on direction. Along y = z2, the limit is 1/2.

Degree-counting alone fails.

§1.5 Differentiability checklist

For a scalar function f(z,y), use the following hierarchy:
C' = differentiable = continuous.

Partial derivatives alone do not imply continuity. Directional derivatives in every direc-
tion alone do not imply differentiability.
To prove differentiability at a, the definition asks for

fla+h) = f(a) + L(h) + o(|[A]]).
The candidate linear map is usually
L(h) =V f(a)-h.

Then one must estimate the remainder.
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§1.6 Tangent and normal templates
For a graph z = f(z,y), the tangent plane at (xo, yo, 20) is
z — 20 = fo(20,Y0)(z — 20) + fy(20,Y0) (¥ — ¥o)-
For an implicit surface F(z,y, z) = 0, the normal vector is VF', and the tangent plane is
VF(P) - (P—PFPy)=0.
For a space curve given by the intersection
F(z,y,z) =0, G(z,y,z) =0,

a tangent direction is
VE(Py) x VG(P),

provided the two normals are not parallel.

Example 1.6.1

The curve
a:2+y2+z2:1, % = 3

at a point Py has tangent direction
V(z? +y? + 22 = 1)(Py) x V(2 — z)(Ry).

This works because the curve lies on both surfaces, so its tangent vector must be
perpendicular to both surface normals.

§1.7 Local extrema template
For an unconstrained interior extremum of a differentiable function, first solve
Vf=0.

Then classify candidates using the Hessian when possible. For two variables,

_ A B _ 2
H_<B C), D = AC — B

At a critical point,
condition ‘ classification
D >0, A> 0] local minimum
D >0, A<0|local maximum
D <0 saddle
D=0 inconclusive

For a constraint g(z,y) = 0, first try
Vf=MAVg.

Geometrically, the level curve of f is tangent to the constraint curve at a constrained
extremum.
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§1.8 Common failure modes

(i) Checking axes proves almost nothing about a two-variable limit.

(ii) Checking all lines still may not prove a limit.

)

)
(iii) Existence of partial derivatives is not differentiability.
(iv) The Hessian test classifies only critical points, and it is inconclusive when D = 0.
)

(v) Lagrange multipliers require checking regularity and comparing all candidate
points, including boundary or endpoint cases when the constraint has them.

The common idea is local replacement: balls replace vague closeness, radial estimates
replace path guessing, and linear maps replace nonlinear functions to first order.
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