Volumes, Spatial Regions, and
Order of Integration

§1.1 Volume as an integral

The volume of a solid is the integral of the constant density 1. If a solid lies between
two graphs

z=zn(z,y), 2=y
over a plane region D, then
V= ff zo(z,y) — z1(z,y)] dA.

D

If the solid is better described directly in three dimensions, then

V:fyldv.

Example 1.1.1
The solid under z = 4 — 22 — y? and above the disk 22 + y? < 4 has volume

ff (4 — 2% —9?) dA.

x24+y2<4

In polar coordinates this becomes
2 2
V= / / (4 — r?)rdrdf = 8.
o Jo

§1.2 Describing spatial regions

A spatial region can be simple with respect to different coordinate planes. An xy-simple
description has the form

Q= {(xvyvz) : (‘T7y) €D, Zl(‘r7y) Sz s ZQ(xay)}'

Jifrav=]| [0 s saa

The same solid may be yz-simple or zz-simple instead. The best description is the
one in which the inner bounds are simplest.

Then
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Figure 1.1: A composite solid with a hemispherical part and a conical part. The picture
is used to decide cross-sections and height bounds before writing the integral.

§1.3 A reconstruction workflow
When an integral or picture is given, reconstruct the solid before integrating.

(i) Identify the bounding surfaces.

(ii) Find the projection or shadow on a coordinate plane.

)

)
(iii) Decide which variable has clear lower and upper surfaces.
(iv) Split the shadow when the top, bottom, left, or right boundary changes formula.
)

(v) Only then write the integral.

Most wrong triple integrals have correct antiderivatives but wrong regions.

§1.4 Changing order of integration

Changing the order of integration means choosing a new projection and new fibers. For
example, an integral written as

b rea(z) re2(zy)
/ / / fdzdydx
a Joi(z) Jzi(zy)
uses vertical segments above an zy-region. Reordering may require projecting onto the

xz- or yz-plane instead.

Caution

Do not change the order by simply permuting differentials. The bounds describe a
region. A new order requires a new description of the same region.
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Figure 1.2: A rotational solid with circular cross-sections at different heights. Such di-
agrams are read by projecting to the base plane and then recovering the
vertical bounds.

§1.5 Cross-sections
Sometimes the cleanest volume method is to integrate cross-sectional area:

V= /abA(t) dt.

Here A(t) is the area of the slice of the solid by a plane such as z = t. This is the
one-variable version of slicing.

Example 1.5.1
For a right circular cone of height h and base radius R, the slice at height z has

radius R(1 — z/h), so
2
A(z) = TR? (1 - Z) .

Thus

V/h Rz(l—z)Qd _ LR
—07T h Z—37T .

§1.6 Top minus bottom

For a solid between surfaces, the double-integral formula

V= ff(ztop — Zbottom) dA
D

is often faster than a full triple integral. But this formula is only legal after the top and
bottom are correctly identified over the same base region D.

§1.7 Cylindrical and spherical descriptions

If the solid has rotational symmetry, rectangular projections may be awkward. Cylin-
drical coordinates describe a solid by inequalities in r, 0, z, and spherical coordinates
describe it by inequalities in p, ¢, 0. The cost is the Jacobian:

dV =rdrdfdz, dV = p?sin @ dp dey db.
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The coordinate system should match the surface equations. A sphere centered at the
origin asks for spherical coordinates; a cylinder around the z-axis asks for cylindrical
coordinates.

§1.8 Absolute extrema over solids

Volume setup also appears in average-value problems. If f is continuous on a solid €2,

its average value is
1
foss = Sy M 7V

When 2 is compact and connected, this average value is attained somewhere in §2. This
is the three-dimensional analogue of the mean-value theorem for integrals.

§1.9 Fibre integration: top-minus-bottom as a pushforward

The formula
V= J:f(ztop - Zbottom) dA
has a precise structural meaning. Le[;
7m:Q— D, m(x,y,2) = (z,y)
be projection onto the base. The fibre over (x,y) is the vertical segment
7 @,y) = {2 2bottom (2, Y) < 2 < Ztop(@,9)}-
Its length is

e(l‘, y) = Ztop(wv y) - Zbottom(xv y)
The volume is the integral of fibre length over the base:

VOKQ)::/;EQLy)dA.

This is the elementary version of integration along fibres. In differential geometry and
topology, fibre integration pushes a form on a total space down to a form on the base.

§1.10 Cavalieri principle and layer-cake formula

Cross-sectional integration
b
V:/Amﬁ
a

is Cavalieri’s principle in analytic form. A more advanced cousin is the layer-cake formula.
For a nonnegative function f,

/ fdA = /OO area({(xz,y) € D: f(z,y) > t})dt.
D 0

Geometrically, the volume under z = f(x,y) can be computed by stacking horizontal
slices instead of vertical columns.
For example, for f(z,y) = 1 — 22 — 32 on the unit disk, the level set f > t is the disk
22 +y? <1—t, so ,
/ fdA:/ m(l—t)dt = =,
D 0 2
This equals the usual polar-coordinate computation. The point is not the answer but
the shift: one can integrate by columns, by horizontal layers, or by fibres of a map.
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§1.11 Why regions must be split: projections can change
topology

A projection can make a simple solid look complicated. Suppose a vertical line over a
base point intersects the solid in two disjoint intervals rather than one. Then there is no
single pair z1(x,y) < z < z9(z,y) describing the fibre. The correct response is to split
the base into pieces on which the fibre structure is stable.

This is a low-dimensional version of a general principle: maps are easiest to integrate
over where their fibres vary regularly. Critical values and singular fibres force decom-
positions. In advanced language, one tries to partition the base so that the projection
behaves like a fibration on each piece.

§1.12 Order of integration as choosing a foliation

Writing
ﬂ fdzdyda
Q

means that ) is being decomposed into one-dimensional fibres parallel to the z-axis,
then those fibres are organized over a region in the zy-plane. A different order chooses
a different family of fibres. Thus changing order is choosing a different foliation of the
same solid.

This language sounds advanced, but it is exactly what the pictures are doing. A good
diagram shows which family of slices has the simplest geometry.

§1.13 Reconstructing the solid before integrating

For the problems in this note, the integral sign is less important than the solid it describes.
An order such as
dz dy dx

means that vertical line fibres are being placed over a region in the zy-plane. Changing
the order means choosing a different family of fibres, so the projection may change and
the projected region may need to be split.

A reliable setup has four checks. First draw or describe the solid independently of
the given bounds. Second choose the projection plane whose shadow has the simplest
boundary. Third write the inner bounds as the entrance and exit points of a fibre through
the solid. Fourth check whether the shadow changes formula across the projection; if it
does, split the integral. The layer-cake and Cavalieri interpretations are useful because
they keep the same discipline: volume is assembled from slices, and each slice must
correspond to an actual cross-section of the solid.
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